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ODE Project 202404/MAT109

Project: Electric Circuit
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Figure 1: Simple electric system

If Q is the charge at time t in an electrical closed circuit with inductance L, resistance R,
and capacitance C, then by Kirchhoff’s Second Law (from Physics) the impressed voltage
or called electromotive force E(t) is equal to the sum of the voltage drops in the rest of
the circuit.

The relation between the charge QQ and current I is

_dQ

=%
dt

According to the elementary laws of circuit, we know that:
The voltage drop across the resistor is RI.
The voltage drop across the capacitor is %
The voltage drop across the inductor is L%.
Therefore, by the Kirchhoff’s Law,

dl

1
Lo+ RI+-Q = E(t) 2)

Substitute for I from equation (1), we obtain a differential equation

LQ" + RQ' + 5Q = B ®

for the charge Q. In order to know the charge at any time, it is sufficient to know the
charge on the capacitor and the current in the circuit at some initial time ¢,.
Rearranging the equation, we can obtain a differential equation for the current I by dif-
ferentiating equation (3) with respect to t, and then substituting for % from equation
(1). The result that we obtained is

LI + RI'+ %1 — B, (@)
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With the initial conditions
[(to) = Io, I/(to) = [6 (5)

From equation (2), it follows that

E(ty) — RI, — %
I = s <. (6)

Hence, %, is also determined by the initial charge and current, which are physically mea-
surable quantities.

We can divide equation (4) with L and we got
R 1 E'(t)

+=I'+—I= 7
* L * LC L (7)

o= % >0
Next, we can set [(t) =y, where

W= % >0
Then, we have

” / E/(t)
Yty +wy = —

First of all, we search the homogeneous solution of this equation, which is
y” +ay’ +wy = 0.
Our characteristic equation is:

P +ar+w=0

Case 1: o® —4w < 0

ry=—5+i
1 2 w (8)
rg = —95 — i
a? — 4w
b= 9 (9)
The general solution is:
yy(t) = e 2" (C) cos(ibt) 4+ Cysin(iht)) = A-e” 2 sin(yt + ¢y) (10)

(A, ¢o are constants such that A > 0, ¢ € (0,27))
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Case 2: o — 4w > 0

The general solution is:

Case 3: o —4w =0

The general solution is:

yy(t) = Cre™ 2! + Cote 2"

(11)

(12)

(13)

(14)

(15)

Let’s consider the external power supply in the circuit as a stable power supply, which

means E’(t) is just a constant. Then, we have E’(t) = 0

So, we obtain:

Yy +tay +wy=0

And the solution is the same of the homogeneous one.

Then, we consider a realistic problem of a RLC circuit which is commonly used in various

applications such as filtering or signal tuning which can resonate at a frequency of 100

kHz. The component values for this circuit are as follows:

So:

R=109Q
L=100pH =1x10"*H

C=25pF=25x10""F

R
=~ =10°
“TI
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1
w=—=4x 10"

LC

Then,
o — 4w = (10°) —4 x (4 x 10") =10 =16 x 10" < 0

So, it’s the case 1 and here we have:
y(t) = Ae~ 2t sin(apt + ¢y)
Yy (t) = Ae~ 2t (w cos(Yt + ¢g) — § sin(pt + (;50))
Let’s set the current Iy at time tg = 0 to 0.5 A and the derivative of the current with

respect to time: % = Iy at time t; = 0 to 0.06 A/s.

So,
y(0) = I, = 0.5

Y (0) = I, = 0.06
Substituting the initial values that we have into the equation y(t) and y’(t), we got

y(0) = Asin(go) = Iy (16)
y/(0) = A (v cos(6) — 5 sin(¢) ) (17)
We can acquire A from equation (16):
— [0
sin(¢o)

Then, we can substitute the A that we got into the equation (17), and the result is:

I
=cot ™t | —2— +2. 1073
%o = co (2 x 1071 5> 10 )

By plugging in the value of I and I|:

A=~05

oo ~ 1.57 rad

Finally, by substituting A and ¢y back to the y(t), we have:

I(t) = y = 0.5¢10 5 sin(2 x 107t + 1.57) (18)
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