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Problem 1

(a) Prove the theorem which says that a bounded monotonic sequence must be convergent.

(b) Prove the theorem which says that a bounded sequence must have a convergent subse-
quence.

(c) Give an example of a sequence {a,, } that is defined recursively, which you can use part (a)
to conclude its convergence. Find the limit of the sequence.

(d) Recall that the number e is defined as the limit of the sequence {a,, }, where

1 n
ap = (1 + —) .
n
Prove that this sequence is indeed convergent.

(e) Let {b,} be the sequence that is defined recursively by b; = 2, and for n > 2,

1
bn = bn—l + —.
n!

Show that lim b, = e.

n—oo

Solution:

(a) Proof. (D

Given{a, } be a increasing sequence which is bounded above, so

c = sup{a,}
exists.
Givene > 0,¢ — € < ¢, s0 ¢ — ¢ is not an upper bound of {a,}, so
AN €Z", ay >c—ce¢.

Since {a,} is increasing, so

Vn > N,a, > ay >c—¢.
Since c is an upper bound of {a,,}, so

Vne€Z a, <c<c+e.
So

Vn = N,|a, — | < e.
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(b)

This proves that {a, } converges to c.

@

Given{a,} be a decreasing sequence which is bounded below, so

¢ = inf {an)

exists.

Givene > 0,¢+ ¢ > ¢, s0 ¢ + ¢ is not an lower bound of {a,}, so
AN € ZT,ay < c+e.
Since {a,} is decreasing, so
Vn > N,a, <ay < c+e.

So
Vn = N, |a, —c| < e.

This proves that {a, } converges to c.

By combining results from (I) and (2), we arrive at the conclusion that bounded monotonic

sequence must be convergent.

Proof. Given{a, } be a bounded sequence, let .J be its set of peak indices.
J = {nl,n2,~~~} CZ+

ny<ng <---.

(D Case of J is infinite.
The element in J can be listd down as

ny, Mg, -

ngE<ng <---.

Then

an1>an2>an3>"'-

So {a,, } is a decreasing subsequence.

So {a,} has a monontone subsequence.

@) Case of J is finite or empty.
If J=¢,letn; =1
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if J # ¢, letny = maxJ + 1.
In any case, n; is not a peak index of {a, }, so Ins > n; such that

Apy > Ay -
ns is not a peak index of {a, }, so Ing > ny such that

Upy > Qpy.
Arguing in this way, we find

Ny <ng<---,

and

Upy < Uy < Ay < -+ -

So {a,, } is a increasing subsequence.

So {a,} has a monontone subsequence.

By combining results from (I) and @), we arrive at the conclusion that {a,,} has a monon-
tone subsequence {a,, }. Since {a, } is a bounded sequence, so {a,, } is a bounded monon-
tonic subsequence of {a,}. By (a), {a,,} is convergent, this proves that a bounded se-

quence must have a convergent subsequence.

(c)
Definition 1. Define the sequence{a,, }inductively by a; = 1 and for all n > 1,
3a, + 3
Upy1 = :
1 an + 3
Then,
0 —1la _3><1+3_3>a
PTETmT 43 T2 !
3x3+3 5 -
BT Ty T30 ™
Forn > 2,

3a, +3 3a,-1+3
(pi1 — Qp = —
ap, + 3 ap-1+3
(3an +3) (an—1+3) — (3an—1+3) (an + 3)
(an—1+3)(a, +3)
6a, — 6a,_1
(an_1 + 3) (an + 3)
~ 6(an—an-1)
N (an—1+3) (an +3)
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We proved by induction that a,,; > a,, > 0.
Since as > aq > 0, the statement is true when n = 1.

Assume that a,, > a,_1 > 0 when n > 2, then
anp+3>0,a,_1+3>0
SO
Api1 — Gy >0

SO

Ap41 > Q.
By pricinple of mathematical induction,
Vn > 1,a,401 > ap.

So {a,} is an increasing sequence. Since

3a, +3 3a,+3
< =3
an + 3 a, +1

Upy1 =

so {a,} is bounded above by 3. By monontone convergence theorem, {a, } is convergent.

Let a = lim,, o a, = sup{a,} > 1, then
a= lim a,;.
n—oo

i — 3ant3 - 3an+3 _
Since a1 = ot < i T 3, SO

limy, o (3, + 3)
lim,, o (@, + 3)

lim An+1 =
n—00

_3a—|—3
 a+3

a’>+3a=3a+3

a=S3.

So the limit of {a,, } is v/3.

(d) Proof. Since a,, = (1 + %)n apparently,a,, > 0, so
any1  (n+2 i n \"
a, \n+1 n+1

_(n+2 n®+2n \"
\n+1 n2+2n+1)
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We have .
n? + 2n _ (4 1 "
n?2+2n+1 N n?4+2n+1

let c = m € (0,1), then
1 " n

l-— ) =1=-¢"21-nc=1- ——
( n2+2n+1) (1=¢) e n?+2n+1
_onf+n+1
24241
then

an+1:(n+2> (1_ 1 )n>(n+2)(n2+n+1>

an n+1 n24+2n+1) 7 \n+1 n?2+2n+1
n3 + 3n? + 3n + 2
n3+3n2+3n+1

Since a,, > 0, a, 11 > a,, {a,} is increasing,

We have
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(e)

So
1 1 1
an\1+@+§+ "+2n_1
241 !
2n—l

This proves that {a, } is bounded above.

By monontone convergence theorem, {a,,} is convergent.

G ()@ e () @)

nn—1) 1 nn-1)n-2) 1 nn—1)---(n—k+1) 1
1-2 n2 1-2-3 n3 1-2---k nk
4,1+1+_l 1 1 4“1 1 1 1 2 + +4£ 1 1 1 k-1 +
B 2! n 3! n n k! n n
1+1 1 1 1 -
Sl b gk o =bn

So we have a,, < b,,.

1
an::1+1—%§i(1

>1+1+111+11112++111 1]“l
2! n 3! n n k! n n

Take n — oo to both side, by the defination of e, we have

lim a, =€
n—oo

PRI !
1t 14ttt g
bn

So we have e > b,,.
So we have a,, < b,, < e.
Take n — oo, we have
e<b, <e.

By Squeeze Theorem, {b,,} converges to e.

This proves that lim,, ., b, = e.
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Problem 2

(a) State and prove the intermediate value theorem.
(b) Give an explicit example which is an application of the intermediate value theorem.

(c) Use the intermediate value theorem to show that if p(z) is a polynomial of degree n and n

is an odd integer, then p(z) has a real root.

(d) Given an example of a monic polynomial p(x) of degree 3 with integer coefficients, which
has exactly one real root x; that is not a rational number. Plot the graph of the function
p(z). Use bisection method to find the root x.

Solution:

(a)

Theorem 2. Given that f : [a,b] — R is a continuous function. For any real number w
that is between f(a) and f(b), there exists a point ¢ in [a, b] such that f(c) = w.

Proof. Consider a function f : [a,b] — R, assume that

fla) < f(b),and f(a) <w < f(b).

Let
ap + b1

2 Y

aq :a,bl :b,m1:
if f(my) < w, let
Gy = m17b2 = b17

if f(my) > w,let

a9 = Qq, bg =m;.

Then
flaz) <w < f (ba)
by —a
b2 - b1 - ! 2 !
ar < ax <by<h
Assume that we have found [ay, b1], [az, bs], - - - [an_1, by_1] such that

ap <ag < Ky <bpg <bypp <--- <y

br—1 — ar—
2
Jlar) <w < f(by).

by —ap =
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Let

o Ap—1 + bn—l
mp—1 = ) )

1 < Mp_1 < by_1,
Mp—1 — Qp1 = bp1 — My =
if f(m,_1) <w,let
Ay = Mp_1,b, = by_1,
if f(mpu_1) > w,let
Gy = Ap_1,b, = My_1.

In any case we have

and
bn— 1 — Qp—1

2
Hence, this produces the sequences {a,} and {b,}

ap < a < K apg <bpg <bpoa< -

that {a,, } is an increasing sequence that is bounded above by b,

{b,} is a decreasing sequence that is bonded below by a;.

By monontone convergence theorem,

c; = lim a,,cy = lim b,

n—o0 n—oo

exists.

. b1 —Qp—
Since b, — b, = =571,

1
lim (bn — an) = 5 lim (bn,1 — Clnfl)

n—o0 n—o0

1

62—01:5(02—61)62—0120,62201.

Let ¢ = ¢y = ¢4, then

lim a, = ¢ lim b, = c.
n—o0 n—oo

Since f : [a,b] — R is continuous,

lim f(an) = f(c) lim f(bn) = f(c).

n—oo n—oo

Since f (a,) < w,
f(e)=lim f(a,) < w.

Since f (b,) > w,
f(e)=lim f(a,) > w.

n—o0
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So

This proves the intermediate value theorem.

(b)
Example 1. Show that the equation 2% 4+ 6x + 1 = 0 has a real root.
Proof. Define that f : R — R by

f(z) =2%+6z+1.

Since f is a polynomial, it is continuous, and
FO)=1>0f(=1)=(=1)°+6(=1)+1=-4<0f(=1) <0< f(0).
By intermediate value theorem, dc € (—1, 1) such that
f(c)=0.

This proves that the equation 2% + 6z + 1 = 0 has a real root.

(c) Proof. Given a polynomial p(x) of degree n and n is an odd integer, then
p(x) =ao+ a1z + asx® + - + az” (a, £0).

Let g (z) = ap2® — ap_12" 1 k€ (1,2,--- ,n) C Z.
Since ¢ is a polynomial, ¢(x) is continuous, then

lim ¢ (z) = lim apz® — ap_125! = lim 2" (

aRT — ag_1) -
T—00 r—r00 T—r00

Since a, are constants,

lim apzr — ax_1 = oo, (ag > 0),

Tr—00
lim apx —ax_1 = —o0, (ar < 0),
T—00
and since lim,_,., 2! = oo,
lim ¢ (v) = oo = lim ay2®, (a;, > 0),

Tr—r00 Tr—00

lim ¢ (r) = —oo = lim az2*, (a;, < 0).

T—00 T—00
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Hence,
lim p(x) = lim a,z",
T—r00 T—r00
if a,, > 0,
lim p(z) = 00 > 0,
T—r00
lim p(x) = —o00 <0,
IT——00
if a,, <0,

limg_oop (x) = —00 < 0,

lim p(x) =00 >0.

T——00

By intermediate value theorem, dc € R such that

p(c)=0.

This proves that if p(x) is a polynomial of degree n and n is an odd integer, then p(x) has

a real root.

(d)

Example 2. Given that p (z) = 2® — 2 + 1.
Since
p(0)=1>0,

p(=2)= (=2 = (-2)+1=-5<0,

3
1 1 1 4
=4/ ] = (/) +1=1-4/—=>0

by intermediate value theorem, 3c; € (—2,0) such that

p(c1) =0.

The first derivative of p(x) is
pl(z) = 32> — 1

p(x) 20,2 € [—oo,—\/gl ; [\/g, OO]
p(x) <0,2 € (—\/g, \/g) :

Page 10 of 16



Mathematical Analysis I Project 1 202409/MAT201

So p(x) is increasing on [—oo, —\/g] , [\/%, oo] , decreasing on (—\/g, \/%)

So the minimum value of p(z) on <— 3, oo) is p(—1/3)-
1 1 ’ 1 4
1
p(z) >0,z € <—\/;, oo) )

By intermediate value theorem, A, € (—\/g , oo) such that

Since

SO

Since p(x) is increasing on [—oo, —\/3[p(=2) = (=2 = (=2)+1=—-5<0,s0
p(z) <0,z € (—00,2).
By intermediate value theorem, fics € (—o0, 2) such that

p(ce) = 0.

Hence, p(z) has exactly one real root xy on (—2,0).

Lemma 3. In algebra, the rational root theorem (or rational root test, rational zero theorem,
rational zero test or p/q theorem) states a constraint on rational solutions of a polynomial
equation

ap + a1 + ax? + - + a2 = 0.

with integer coefficients a; € Z, and ay, a,, # 0. Solutions of the equation are also called
roots or zeros of the polynomial on the left side. The theorem states that each rational

solution x = §, written in lowest terms so that p and q are relatively prime, satisfies:
p is an integer factor of the constant term ag,and

q 1s an integer factor of the leading coef ficient a,,.
By Lemma 3, the possible rational roots can only be 1 or —1.
p()=1"-1+1=1#0.

P-1) = (-1 = (D) +1=170,
Since neither of these possible rational roots satisfies the equation, it indicates that the

polynomial has no rational roots.

Therefore, the root g is not a rational number.

The following figure is p(x).
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Figure 1: figure of p(x)
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Problem 3

(a) State and prove the Lagrange’s mean value theorem.

(b) Give an explicit example which uses intermediate value theorem and mean value theorem
to conclude the number of solutions of an equation.

(c) Explain how the Lagrange’s mean value theorem can be used to determine the monotonicity
of a function.

(d) Give an example to illustrate part (c).

Solution:
(a)
Theorem 4. Let f : [a,b] — R be a function that satisfies the following conditions:
* f:]a,b] — Ris continuous.
* f:]a,b] — Ris differentiable.

Then there is a point x, in (a, b) such that

f() — f(a)
b—a

f'(xo) =
Proof.
Lemma 5. Let f : [a,b] — R be a function that satisfies the following conditions:
* f:[a,b] — Ris continuous.
e [ :[a,b] — R is differentiable.
* fla) = f(b).

Then there is a point z in (a, b) such that
f/(l‘()> = O

Let g (z) = f (x) — ma, where m is chosen such that

f(a) =mz = f(b) —ma

m(b—a)=f(b) = f(a)
_ ) - f(a)

N b—a

Page 13 of 16



Mathematical Analysis I Project 1 202409/MAT201

g : [a,b] = R is continous.
g: (a,b) = Ris dif ferentiable.

gt (x) = fr(z) —m.

Since g (a) = g (b), by lemma 5,

dc € (a,b)
such that
g/ (c) =0.
Therefore b
fr(c)=m= —f< Z:Z:(a).

This proves that the Lagrange’s mean value theorem.

(b)

Example 3. Given the equation 2° + 6z + 1 = 0, determine the exact number of real roots

of this equation.

Proof. Let f : R — R be a function
f(z) =2%+6x+1.
Since it is a polynomial, it is differentiable and
f1(z) = 62° + 6.

Let f7(z) = 0, then

If 21 < xg,and f(z1) = f(x2) = 0, by lemma 5,
dey € (21, 12)

such that
f1(c1) =0.

Soif r1 < x9 < x3,and f(l’l) = f(.iCQ) = f(&?g) = 0, then
E|Cl € (xl’.TQ)
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(©

302 € (.ﬁEQ, .1'3)

such that

fr(c1) = fr(e) =0.
Notice that ¢; # cs.
Since if f/(z) =0, then z = —1.
Therefore, f(x) = 0 can have at most 2 different solutions.
Since f () = 2% + 62 + 1, so

f(0)=1>0
fF(=)=(-1)°+6(-1)+1=-4<0
F(=2)=(-2)°+6(-2)+1=53>0
By intermediate value theorem,
dz; € (—1,0)
such that
fla) =0
dzy € (—2,-1)
such that
f(x2) =0.

Therefore, f(x) = 0 can have at least 2 different solutions.
We arrive at the conclusion that f(z) = 0 have exactly 2 different solutions.

Therefore, the equation x° + 6x + 1 = 0 have exactly 2 different roots.

Let f : [a,b] — R be a function that satisfies the following conditions:

* f:]a,b] — Ris continuous.

* f:]a,b] — Ris differentiable.

Then f applies to Lagrange’s mean value theorem.
SoV (xy1,x2) € [a,b],
g € (21, x2)

such that

f/(fﬂo) _ f(l’g) - f(a:l)

To —T1

Since x5y > x4,
if f1(xy) < 0, then
[ (@2) < f(x1)
then f : [a,b] — R is strictly decreasing,
if f7(zo) > 0, then
[(@2) > f(x1)
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then f : [a,b] — R is strictly increasing.
The above shows that Lagrange’s mean value theorem can be used to derive the role of the

first-order derivative in determining the monotonicity of a function.
(d)

Example 4. Show that the function f : R — R, f(z) = 23 is strictly increasing.

Proof. Since f is a polynomial, f is continuous and differentiable on R.

Then f applies to Lagrange’s mean value theorem.
SoV (1'1, 332) € R,

g € (21, x2)

such that
1) = L= 00)
The first-order derivative of f :
fr(z) = 32

, SO
fr(z) >0,Vo € R,

~ fx) = f (1)

> 0.

Since x5y > x4,

[ (x2) > f(21).

This proves that the function f : R — R, f(z) = 2 is strictly increasing.
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