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ABSTRACT

This thesis explores the structural properties of finite sets with small doubling.
We provide a detailed proof of a fundamental result in additive combinatorics,
Freiman’s theorem, which states that any finite subset of integers with a small
doubling constant must be contained within a generalized arithmetic progres-
sion (GAP). To achieve that, the thesis presents detailed proofs of several crit-
ical tools that are used in the classic proof, including the Pliinnecke-Ruzsa in-
equality, Bogolyubov’s lemma, and the Ruzsa Modeling Lemma. Throughout
the thesis, we explore the transition mapping from the integer group Z to the
finite cyclic group Z/NZ and how it maps back to Z. Using this connection,
we ultimately show that a set A with doubling constant K" must be contained in

KO@)

a generalized arithmetic progression of dimension at most e and volume

o(1)
atmost e¢" Al

Keywords: Additive combinatorics, Freiman’s theorem, small doubling, gen-

eralized arithmetic progression, Ruzsa modeling lemma.
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CHAPTER 1

INTRODUCTION

1.1 Background and Motivation

Additive combinatorics is a relatively new and active branch in the field of combinatorics.
The name of this field mainly comes from the 2006 book Additive Combinatorics by Ter-
ence Tao and Van H. Vu [TVO06]. Interestingly, although this field mainly studies the addi-
tive structure of sets, tools from seemingly unrelated mathematical fields often prove very
useful for our research on the additive structure, such as harmonic analysis, convex geom-
etry, graph theory, and probability theory. This is also one of the reasons why the field is
so active today. Furthermore, it is truly fascinating when we can combine these seemingly
different mathematical tools to successfully solve an additive structure problem. One very
important question in additive combinatorics is the connection between the structure of a
set A itself and the size of its sumset A + A. The forward version of this question is ac-
tually quite easy to understand. For example, if A is highly structured, like an arithmetic
progression, the size of its sumset is roughly twice its original size. On the other hand, if A
lacks such structured properties, like a Sidon set, the size of its sumset will expand to about
|A|?/2. These two different examples show us that if a set has some degree of structure,
its sumset will not expand very fast; in other words, it is somewhat easier to control. This
leads to the inverse problem: if we know the expansion rate of the sumset of A, what can
we say about the structure of A? Freiman’s theorem tells us that: if the expansion rate of
a set A can be bounded by a constant K, then A is contained in a generalized arithmetic
progression of size bounded in terms of K and |A|. As the name suggests, the original ver-
sion of Freiman’s theorem was published by Gregory Freiman in 1966 [Fre73]. However,
the bounds in his proof were very large, and the proof process was quite complicated. The
proof framework widely used in modern textbooks is the one introduced by the Hungarian
mathematician Imre Ruzsa in 1994. By introducing the modeling lemma and tools from
the geometry of numbers, Ruzsa greatly simplified the proof and improved the quantitative

bounds.



1.2 Thesis Objectives

Graph Theory and Additive Combinatorics is a graduate-level introductory textbook written
by MIT professor Yufei Zhao [Zha23], focusing on connecting graph theory and additive
combinatorics. Chapter 7 of this book gives us a complete presentation of the "Structure of
Set Addition" problem mentioned above. It provides us with powerful tools for studying
additive sets, such as Pliinnecke’s inequality and the Ruzsa covering lemma. In addition, it
introduces the core modules used in Ruzsa’s proof, such as Freiman homomorphisms, the
modeling lemma, and the geometry of numbers, and shows us how to use this toolkit to
prove Freiman’s theorem. Furthermore, this chapter introduces the Polynomial Freiman-
Ruzsa conjecture. However, since this book was published earlier, this conjecture has
already been proved in 2023 by four mathematicians: W. T. Gowers, Ben Green, Freddie
Manners, and Terence Tao. Although the book provides a complete and well-organized
proof, many proofs are rather concise in order to preserve the flow of the overall exposi-
tion. Some key intermediate steps are treated only briefly, often within a single sentence,
making the whole book very difficult for beginners to read. For example, a single sentence
in the book—“[Note det(A) = 1/N since there are exactly N points of A within each
translate of the unit cube.]” [Zha23, p. 259]—takes us three pages to fully and clearly ex-
press in Chapter 5. Addressing these pain points above, this thesis will follow the Ruzsa
proof path of Freiman’s theorem, providing detailed proofs and filling in the mathematical
and logical details omitted in Yufei Zhao’s book. At the same time, we will also intro-
duce some definitions and lemmas from Tao and Vu’s Additive Combinatorics [Zha23] to
help us better understand some concepts. The main focus of this thesis is to provide a de-
tailed explanation and proof of the classical Freiman’s theorem over the integers based on
Zhao’s book, presenting an undergraduate-level introduction to additive combinatorics in
a relatively relaxed way. (Note: This thesis will not cover the Polynomial Freiman-Ruzsa
theorem. Interested readers can read the paper On a conjecture of Marton written by W. T.

Gowers, Ben Green, Freddie Manners, and Terence Tao [GGMT25].)

1.3 Structure of the Thesis

The structure and chapter arrangement of this thesis are as follows: In Chapter 2, we will

give some basic definitions in additive combinatorics, discuss the sumset properties of a



few sets with known structures, and present our final goal: Freiman’s theorem. Chapter 3
will introduce some very practical and powerful additive combinatorics tools, such as the
Ruzsa triangle inequality, Pliinnecke’s inequality, and the Ruzsa covering lemma. We will
also show how to use these existing tools to prove a version of Freiman’s theorem over
finite field. In Chapter 4, we will introduce the concept of Freiman homomorphisms. In
order to deepen the understanding of this concept, we will discuss several problems related
to Freiman homomorphisms and provide a proposition. Next, we will show how applying
Freiman homomorphisms helps us prove a powerful tool: the Ruzsa modeling lemma. In-
terestingly, in this chapter, we will see how probability theory provides strong support when
we study additive combinatorics. Chapter 5 shows the highly cross-disciplinary feature of
additive combinatorics. We will first introduce tools from harmonic analysis to help us
prove how sumsets necessarily contain subspaces or approximate subspaces, such as Bohr
sets. After that we will introduce some definitions from the geometry of numbers, as well
as an important result in this area, Minkowski’s theorem, which is also a powerful tool in
additive combinatorics. Finally, in Chapter 6, we will complete our final "puzzle". We will
use the combinatorial tools collected in the previous chapters to solve our initial problem

and complete the proof of Freiman’s theorem.



CHAPTER 2

FUNDAMENTALS OF SET ADDITION AND THE INVERSE
PROBLEM

In this Chapter, we will first provide some basic definitions in additive combinatorics in
mathematical language to start our research. Then we will discuss several *forward’ ques-
tions; that is, if we know the structure of a set, what properties of its sumset are preserved.
After that, we will present the ’inverse’ problem: if we know the expansion properties of
the sumsets, what structure must their corresponding sets preserve. The answer of this
‘inverse’ question is exactly our ultimate goal: Freiman’s theorem, which we will state

formally at the end of this Chapter.

2.1 Additive Combinatorics Vocabulary

To start our rigorous mathematical journey, let us first build up our Additive Combinatorics

Vocabulary.
As intuition, a sumset is the ’sum’ of sets, and its definition is:

Definition 2.1 (Sumset). [Zha23, p. 237]

Let A and B be finite subsets of some ambient abelian group. We define their sumset to be

A+B:={a+b:aec Abe B}.

Following by the definition of sumset is the definition of sumset notation, with which we

must be careful in additive combinatorics.

Definition 2.2 (Sumset notation). [Zha23, p. 238]

Given a positive integer k, we define the iterated sumset
kA:=A+---+ A (ktimes).

This is different from dilating a set, which is denoted by

A A:={la:ac€ A}

4



We also consider the difference set

A—B:={a—-b:a€ Abe B}.

The expansion rate of a set A, as mentioned in Chapter 1, is formally called the doubling

constant in additive combinatorics. The following is its formal definition.

Definition 2.3 (Doubling constant). [Zha23, p. 238]

The doubling constant K of a finite subset A in an abelian group is the ratio

K =|A+ A|/|A].

Before the discussion of the forward questions, we need to introduce an important struc-

tured set. Its definition is as follows.

Definition 2.4 (GAP — generalized arithmetic progression). [Zha23, p. 239]
A generalized arithmetic progression (GAP) in an abelian group I is defined to be an affine
map

¢:[Ly] x -+ x[Lg] = T.

That is, for some aqg,...,aq € T,
¢($1,...,$d) = a9+ a1x1 + -+ aqxq.

This GAP has dimension d and volume L - - - Ly. We say that this GAP is proper if ¢ is

injective.

In practice, we frequently abuse notation and identify the GAP with its image set ¢([L;] X
-+ X [Lg]) € T. Thus, when we say a set A is contained in a GAP, we mean that A is a

subset of the image of this affine map.

2.2 The Forward Questions

To build our intuition about how a set’s structure affects its doubling constant, let us exam-
ine a few concrete examples. We start with the simplest example, where the set is highly

structured.

Example 2.5. Prove that if A is an arithmetic progression, then |A + A| = 2|A| — 1.



Solution. Let ag,a; € R be fixed coefficients, [; € {0,1,..., N — 1}, then define A as
A= {CL() + alll} .

Then A is an arithmetic progression, in the case where a; = 0, the cardinality of A, namely,
|Al is

|A| =1,
and A + A = A which implies that
A+ Al=1=|A+A|=2|A| -1

In the case where a; # 0, the cardinality of A, namely, |A| is equal to the number of

possible values of [y, that is,
|A| = N.
Notice that for ly,1," € {0,1,..., N — 1},

A+ A=ay+aly +ag+ aly
= 2@0 “+ ay (ll + lll),

and [y +1;" € {0,1,...,2N — 2}, then the cardinality of A + A, namely, |A + A] is equal

to the number of possible values of /1 + [;’, that is,
|A+ Al =2N — 1.
This implies that
A+ Al =2|A|—1.
O

Remark 2.6 (Easy bounds on sumset size). [Zha23, p. 238] One can check that the sumset
size above is actually the lower bound of the size of integer sumsets. More generally, the

bound of the size of sumset of integer set A is:

oA 1< A+ Al < (’A|2+ 1).

6



Proof. We start with the lower bound. Suppose that |A| = N, if we arrange the elements
of A in increasing order as

ap < ag <...<apn.

We must have the following distinct elements in A + A:

a1+a1,a1+a2,...,a1+aN

as + an

any + an.

It is trivial to verify there are 2N — 1 elements above. Note that we omit the terms like
as + a4 since it may have the same value as a; + a; for some ¢ > 4. Therefore, we have the
lower bound of 2|A| — 1.

Now let us check the upper bound. Suppose that |A| = N and that A = {ay,a9,...,ayn}
satisfies for each a; + a; and a,,, + a,, in A + A, if we have (7, j) ¢ {(m,n), (n,m)}, then
a; + a; # an, + a,. Such a set A maximizes its size of sumsets, and it suffices to check the

number of unordered (a, b), where a,b € {1,2,...,n}, to check the size of |A + A|.
1. For a = b, we have N options.

2. For a # b, for each fixed a, we have N — 1 options of b. Therefore, we have
N(N — 1) options of (a,b) and the number of unordered (a, b) is w This is
because for each fixed a and each (a, b), there exist (b, a) when we fixed b to be our

first component.

Therefore, the size of |A + Al is (N + Y=y — NOED _ (14]+1) O

The above shows that an arithmetic progression A has a doubling constant which is roughly
2, implying that the expansion of its sumset is easy to control. Intuitively, we are curious
about whether there is a relationship between the doubling constant of a generalized arith-
metic progression and this approximate doubling constant 2 of an arithmetic progression,
is it supposed closely related with its dimension d and 2? It is true and we will prove that

by the following example.

Example 2.7. Prove that if A is a d-dimensional generalized arithmetic progression, then
|A+ Al < 24|A|



Solution. Foreachi € {1,2,...,d},letl; € {1,2,...,N;}, L; € {2,3,...,2N;} and let

ap, ai, ..., aq € R be fixed coefficients, then define
A= {CLQ + (Illl + a2l2 + -+ adld} . (21)

Then A is a d-dimensional generalized arithmetic progression. Let S1 = {({1,l2,...,l4)},

then we have

A= {a0+(a1,a2,...,ad) (ll,lg,...,ld) | (ll,lQ,.--,ld) < Sl}
Let Sy = {(L1, Lo, ..., Lg)}, then for l;, ;' € {1,2,...,N;} (i €1,2,...,d), we have

A+A:{a0+(a1,a2,...,ad) (ll,lg,...,ld)—I—ao+(a1,a2,...,ad) (11,,12/,...,ld/)}
- {2@0 + (a17a2a .. 7ad) (ll + l1,7l2 + l2,7 ceey ld + ld/>}
= {2a0+(a1,a2,...,ad) (Ll,LQ,...,Ld)}. (22)

Let E = {0,1}" and n = (Ny, Ny, ..., N,), we observe that
SQ = U (Sl—i—n@ei),
e, €F

where for e, = (61'1,61'2, .. .,Bid) € E, ne©e; = (Nl . Gil,Ng c €2, .. .,Nd . 6id)~

Therefore

A+A: {2&0—|—(al,ag,...,Gd)(l{l,kQ,...,kd) ‘ (k)l,kz,...,kd)e U (Sl+n@ez)}

e, €FE

(2.3)

For every (ki, ko, ..., kq) € (S1+n®e;), e; € E we have
(kl,kQ,...,kd) = (ll,lg,...,ld) +7’L@€i,

for some (y,1s,...,13) € Si.
Thus for k € A 4+ A corresponding to (kq, ko, . .., kq), we have

Kk =2ag+ (a1,as,...,aq) (k1, ko, ... kq)
=2ag + (a1, a9,...,aq) - ((I1,l2,...,lg) + (n©€;))
=2ag + (a1, a9,...,aq) - (I1,la, ..., 1g) + (a1,a2,...,aq) - (N © &)
=ag+ (ar,ag,...,aq) (l1,lo, ..., lq) +ao+ (ar,ag,...,aq) - (n®¢€;).



Observe that « = ag + (a1, az, ..., aq) - (l1,1la,...,lq) € Aand ¢; :== ag + (ay,az, . .., aq) -
(n ® e;) is a constant, and kK = a + ¢;.

Therefore, for any S, = (S1 +n©e€;) € U, cp (51 +n©e),

Aei = {2a0+ (al,a2,...,ad) (kﬁl,kig,...,kd) | (kl,kg,...,k’d) - Sei}
:A—i—CZ‘

is a translate of A.

Hence

|Ae;

— |4]. (2.4)

Notice that

A+A: {2a0+(al,ag,...,ad)(kl,kg,...,kd) | (kl,kg,...7k7d) € U (514—71@6@)}

e, €l

= U {2a0+(a1,a2,...,ad) (kl,]fg,...,kd) | (kl,kg,...,k?d) < Sei}

e, €E

= U Aew

e, €E

and since for e;,e; € I, e; # e;, the sets A,, and A, are not necessarily disjoint, we have

U

e, €F

<A

e, €F

|A+ Al =

. (2.5)

It is straightforward to verify that | E| = 2¢, and by combining (2.4), (2.5) we conclude that
|A+ Al <24|A]. (2.6)

]

This example answer our intuitively curiosity as mentioned before, the doubling constant
of a generalized arithmetic progression can be roughly presented by 2¢. This implies that
the size of the sumset of a generalized arithmetic progression A is roughly 2¢ times of the
size of A. Motivated by that, let us now focus on the difference set A — A and check

whether it can be covered by 2?- many translates of A.

9



Example 2.8. Assuming that A is a d-dimensional generalized arithmetic progression,
prove that A — A can be covered by f(d)- many translates of A for some constant f(d)
depending only on d.

Solution. Foreachi € {1,2,... d},letl; € {1,2,...,N;},L; € {1—N;,2—N,,...,N;,— 1}

and let ag, a4, ..., aq € R be fixed coefficients, then define
A= {ao 4+ aily +agly + -+ adld} . 2.7)
Then A is a d-dimensional generalized arithmetic progression. Let S; = {(l1,12,...,14)},

then we have

A:{a0+(a1,a2,...,ad) (ll,lg,...,ld) | (ll,lg,...,ld) < Sl}
Let Sy = {(L1, Ly, ..., Lg)}, thenfor l;, ;' € {1,2,...,N;} (i €1,2,...,d), we have

A—A = {ao—f- (al,ag,...,ad) (ll,lg,...,ld) — ag — (al,ag,...,ad) (lll,lgl,...,ld/)}
= {(al,ag, Ce ,CLd) (ll — lll,lg — lgl, e ,ld — ld/)}
:{(alaa%"'?ad) (LlaLQa"'7Ld)}' (28)

Let £ = {—1, O}d and n = (N1, Ny, ..., Ny), we observe that

SQZ U (Sl—l—nQei),

e, el

where for € = (61'1,61‘2, .. ~7ez’d) € E, n@®e; = (Nl . 61‘1,N2 €2y .,Nd . eid)-

Therefore

A—A= {(al,ag,...,ad)(k:l,kg,...,kd) | (k’l,kg,...,k’d) € U (Sl—l—TL@GZ)}
e, el
(2.9)
For every (ki, ks, ..., kq) € (S1 +n®e€;), e; € E we have
(klakQa"'7kd) = (117l2>"'7ld)+n®6i7

for some (I1,1s,...,l4) € 5.
Thus for k € A — A corresponding to (kq, ko, . .., kg), we have

10



Ii:(Cll,(lg,...,ad)(l{il,kg,...,k‘d>
= (al,ag,...,ad)- ((ll,lg,...,ld)‘i‘(n@ei))
= (ar,a2,...,aq) - (li,la, ..., lg) + (a1, a2, ...,aq) - (n© €)

=ag+ (a1,a9,...,aq) (I1,la, ..., lg) + (—ao) + (a1,a9,...,a4) - (N O €;) .

Observe that o = ao+(a1, as, ... ,ad)-(ll, lg, e ,ld) € Aand C; = (—a0)+(a1, as, ... ,Cld)'
(n ® e;) is a constant, and kK = a + ¢;.

Therefore, for any S, = (S1 +n © e;) € U, cp (51 +n 0 €),

Aei = {(al,ag, e ,CLd) (]{71,/{72, .. .,kd> ’ (k‘l,kQ, . . .,kd) € Sei} (210)
A+ (2.11)

is a translate of A.

Notice that

A—A= {(al,ag,...,ad)(k;l,k:g,...,k:d) | (l{il,kg,...,]{?d)E U (Sl—f—n@@)}

e, €k

= U {(al,ag,...,ad) (/{51,/{32,...7kd) ‘ (k?l,lfg,...,k?d) & Sei}

e, €F

= A.. (2.12)

It is straightforward to verify that |E| = 2%, hence we conclude that A — A can be covered

by 2¢ translates of A. O

The following is another clearly structured set A. However, it is geometrically structured
instead of linearly structured, and we will show that its doubling constant is depends on its

size instead of a constant.

Example 2.9. Fix r € Z, r > 2, prove that if A = {1,r,72,..., 7"~} then the doubling

AtA
constant of A, namely, | |X| = M

Solution. Observe that A = {r*|a € {0,1,..., N —1}} so that |A| = N, and
A+A:{r“+rb|a,b€{0,1,...,N—l}}.
For a,b,a’,b' € {0,1,..., N — 1}, suppose that

/ /
r ot =" b

11



Without loss of generality, we may assume that ¢ < b and @’ < b'. Hence we have
r® (1 + rb_“) =7 (1 + rb/_“/> .

If a = o, then r® = ¥, which implies that b = b/.

If a # d/, then without loss of generality, we may assume that a < a/, then

1 + rb—a

— =147 (2.13)
Ta —a

For the right-hand side of (2.13), since «’ < ¥/, 1 + r?=4" is an integer and satisfies
1+ > 140 =2,

For the right-hand side of (2.13), let &« = a/ — a.
If b = a, then

L4rbe 141 2
o _1tr=2 (2.14)

—a /}nOé /rOé

ra
The only situation that makes (2.14) an integer is when » = 2 and o = 1, in which case
(2.14) equals 1. This contradicts the fact that the right-hand side is greater than or equal to
2.

Ifb # a,let 5 = b — a, then

1 B
- (2.15)
TOC TO(
Since a > 0, if § > «, (2.15) can not be an integer, if § < «, then (2.15) can write in form
of
1 1
ro Y

where y = a — > 0 and v < a.Thus

1 1 1 2
—+ —<2—< -
re ry Y T

<L

Therefore we can conclude that the right-hand side can not be an integer.

Above shows that the only possible case in which 7% + r* = r 4 ¥ holds is when a =
andb ="V

It is trivial to show that for a,b € {0,1,..., N — 1}, there are (Ngl) unordered pairs of

12



(a,b), which implies that |4 + A| = (V).
Thus

A+A (7)) N(WN+1)/2 N+1
Al N N 2

(2.16)

O

This example shows that even though different sets may all be structured, their structures
can nevertheless vary in quality. Here, quality refers to the difficulty of controlling the

behavior of their sumsets.

2.3 Inverse Question

In the last section, we have discussed several behaviors of the sumset of different structured
sets, namely, their doubling constant. Across mathematics, we are always curious about the
Inverse Question, informally speaking, for instance, if we know an ’if” statement is ’true’,
we will be curious about whether the "only if” statement is also true. Therefore, while we
discuss the from structure to doubling constant question above, we will naturally curious
about the Inverse Question of above Forward Question, that is, if we know the behavior of

the sumset of some set, namely, its doubling constant, what we can say about its structure?

Gregory Freiman gave us the answer in 1966, which is widely known as Freiman’s theo-
rem [Fre73]. However, we will state the simplified and improved version of this theorem
given by Hungarian mathematician Imre Ruzsa in 1994. His proof framework is now more
frequently been used in modern textbooks-which includes our main reference-Graph The-
ory and Additive Combinatorics by Yufei Zhao [Zha23]. We shall prove this theorem
follow by the proof framework in Zhao’s book in Chapter 6 after we collected all the tools

we need.
The following is the formal statement of Freiman’s theorem:

Theorem 2.10 (Freiman’s theorem). [Fre73][Zha23, p. 260]

Let A C Z be a finite set satisfying |A + A| < K|A|. Then A is contained in a GAP
of dimension at most d(K) and volume at most f(K)|A|, where d(K) < exp(K®) and
f(K) < exp(exp(K©)) for some absolute constant C.

13



CHAPTER 3

ADDITIVE TOOLKITS AND FREIMAN’S THEOREM WITH
BOUNDED EXPONENT

In the previous Chapter, we have built some intuition in additive combinatorics and shown
our ultimate goal. However, the statement is far from straightforward to prove from any
perspective. In that case, we will start to build up our toolkits from this Chapter to help us

solve it.

More specifically, in this Chapter, we will show some very practical and powerful tools in
additive combinatorics and use them to prove a weaker version of Theorem 2.10, which is

over finite fields.

3.1 Combinatorial Toolkits

3.1.1 Triangle inequalities
Here are some basic and useful inequalities relating the sizes of sumsets.

Theorem 3.1 (Ruzsa triangle inequality). [Ruz89][Zha23, p. 240]
If A, B, C are finite subsets of an abelian group, then

[Al|B - Cl < [A-B[]A-C].

Proof. Let A, B, C be finite subsets of an abelian group. For any d € B — C, we define
b(d) € Band c(d) € C suchthatd =b(d) — ¢ (d). Define

¢:Ax(B-C)— (A—B)x (A-C)
¢ ((a,d)) =(a—0b(d),a—c(d)).

For any (a1,d;), (ag,ds) € A x (B —C),if

¢ ((a1,dr)) = ¢ ((az, d2)),

14



then
a; —b(dy) = as — b(dy)
a; —c(dy) = as — c(ds) .
Subtracting these two equalities we get
b(di) —c(di) =b(dz) — c(da),
which implies that d; = d5 by definition of the functions b and c.

Hence a; = a9, showing that ¢ is injective.

Therefore,
Al|B=C|=[Ax(B-C)|[<[(A-B)x (A-C)|=]|A-B||[A-C].
O

Remark 3.2. [Zha23, p. 241] Theorem 3.1 is named ’triangle’ following the definition of:

Definition 3.3 (Ruzsa distance). [Zha23, p. 241] If A, B are two subsets of an abelian

group, then the Ruzsa distance is defined as:
|A— B
p(A, B) :=log ———.
VIA||B|
Theorem 3.1 can be rewritten as

p(B,C) < p(A, B) + p(A,C).

However, the function p is not a metric since p(A, A) # 0 in general.

Remark 3.4. [Zha23, p. 241] By replacing B with —B and/or C' with —C, Theorem 3.1
implies some additional sumset inequalities:

[Al|B+C| < |A+ B[|A-Cl;

[Al[B+ C[ < [A=BJ|A+Cl;

|A||B-C| < |A+ B||A+C].

However, the trick in Remark 3.4 cannot be used to prove the similarly looking inequality
|A||B+C| < |A+ B||A+C].

Therefore, we provide a separate proof (Theorem 3.6) of this inequality several pages later
after showing Lemma 3.5, which plays a critical role in proving Theorem 3.6 and Theo-

rem 3.7.
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3.1.2 Expansion ratio bounds and another triangle inequality
Lemma 3.5 (Expansion ratio bounds (Petridis’s lemma)). [Petl12][Zha23, p. 242]
Let X and B be finite subsets of an abelian group, with | X| > 0. Suppose

Y +B| _ |X+B|
i~ x|

, for all nonempty ¥ C X.

Then for any nonempty finite subset C' of the abelian group,

IX+C+B| |X+B
xX+cp T x]

Proof. We use induction to prove this. For the base case |C| = 1, there is only one element

in C, say, c;. Since X and B are subsets of an abelian groups,
X+c+B=X+B+c¢.
Thus
X+ +Bl=|X+B+¢].
Since X + B + ¢; and X + ¢; are translates of X + B and X, respectively,

IX+ca+B|=|X+B+a|=|X+B|
(X 4 e = [X]

Thus

X +¢+B]  |X+ B
X+ X1

For the induction step, assume that for some set C, the following inequality holds:

|X+C+BLJX+B
xX+c T x|

Now consider C' U {c} for some ¢ ¢ C, we wish to show that

LX+@U@D+BKJX+B
X+ (Cu{chl — [X]

Let

Y={reX|(zr+c+B)C(X+C+B)}CX,
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then we have

Y +B|_ [X+B
NP (.
So we have
X +B|
| X
[ X+B|
| X

Y + B[ > Y]

—|Y +B| < Y]

X +B|
| X]

| X+ B|—-|Y+B|<|X+B|-— Y|

| X+ B|
| X|

B | X + B|
| X|

X+ B|

X -
| X]|

Y|

(X[ =1YT). 3.1
Notice that
(X 4+c+B)\(X+C+B)|=|X+c+B|—-|(X+c+B)N(X+C+DB)|. 32
For all z € Y, by the definition of Y, we have
r+c+BC(X+c+B)N(X+C+B),
which implies that

Y+c+BC(X+c+B)N(X+C+ B)
Y+c+B|<|[(X+c+B)n(X+C+ B)|. (3.3)

Since Y + ¢+ B and X + c+ B are translates of Y + B and X + B, respectively,

Y +c+ B| =|Y + B| (3.4
X +c+B|=|X+B. (3.5)

Therefore, by combining (3.2), (3.3), (3.4), (3.5), we have
(X4+c+B)\(X+C+DB)|<|X+B|—-|Y+B]|. (3.6)
Notice that

(X +)\(X+O) =X+ = |(X+0)n(X+C). 3.7)
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For every = € X satisfyingz +c € (X +¢)N (X +C),
r+c+BCX+C+B.
Thus

reY

r+ceY +c,
which implies

(X+o)N(X+C)CY +c
(X +o)nN(X+CO) <Y+ .

Since Y + cand X + c are translates of Y and X, respectively,

Y + ¢ = Y]
X + ¢ = |X].

Therefore, by combining (3.7), (3.9), (3.10), (3.11), we have
(X + )\ (X +O) = |X]|-[Y].

By combining (3.1), (3.6), (3.12), we have

X+ B
(X +et B\X+C+B) <! e X o\ (x40,
Let
X +B|
X| = K.

‘We have shown that

(X +c+B)\(X+C+B)| <KX +c)\ (X +0)

and assumed that

X+ C+B|<K|X+C.

18

(3.8)
(3.9)

(3.10)
(3.11)

(3.12)



Observe that

X+ (CU{c})+B|=|X+C+B|+|(X+c+B)\ (X+C+ B)
X+ (CU{cH)|=1X+C|+|(X+c)\ (X +O).

Therefore we have

X+ (Cu{ch)+B] _ [X+C+B[+|[(X+c+B)\(X+C+B)|
| X + (CU{c})] X +C)+ (X +¢)\ (X +0O)|
KIX4+C|+K|(X+c)\ (X+C)]
T X 40+ (X +o)\ (X +O))
KX+ O+ (X +)\ (X +O)])
X +C)+ (X +¢)\ (X +O)|

= K.

So we can conclude that

| X + (CU{c}) + B| o | X + B|
X+ (Cu{ch] — [X]

]
Now, let us use our newly acquired tool to solve our remaining problem as mentioned
before.

Theorem 3.6 (Another triangle inequality). [Zha23, p. 244]
Let A, B, C be finite subsets of an abelian group.
Then

[Al|B+Cl < [A+ B[|A+C].

Proof. Choose a nonempty subset X C A that minimizes the ratio ‘)T;: f . Thus

| X + B| o |A+ B|

< ; 3.13
X] A] 19
and for any nonempty Y C X C A,
Y +B|_ [X+B
Yl 7 X
By Lemma 3.5,
X+ B
|X+C’+B|<|X+C’|‘ X| | (3.14)
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Since X is a subset of A,
IX+CI<|A+C). (3.15)

By combining (3.13), (3.14) and (3.15),

| X + B|

|A + B|
| X| '

I B+C|< | X+B+C|<|X+C| ¥

< |A+C|

Hence we conclude that

|A||B+C| < |A+B||A+C].

3.1.3 Pliinnecke’s inequality

Pliinnecke’s inequality is a very useful tool in additive combinatorics, which allows us to
bound the size of some difference set by its original size and its doubling constant. (The

special case A = B of the following statement)

Theorem 3.7 (Plilnnecke’s inequality). [Pli70, Ruz89][Zha23, p. 242]
Let A and B be finite subsets of an abelian group satisfying

|A+ B| < K|A].
Then for all integers m,n > 0,
lmB —nB| < K™ |A].

| X+B]|

Proof (Petridis [Pet12]). Choose a nonempty subset X C A that minimizes the ratio X

Thus

X + B| o |A + B|
X 14

< K,

and for any nonempty Y C X C A,

Y+ B _ |X+B|
i X|

By Lemma 3.5, for all integers n > 0, take C' = nB, which is nonempty and finite,

X+C+B| |X+nB+B| |X+(n+1)B| o | X + B|

_ _ < < K.
X +C| | X + nB] | X +nB] | X|
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Hence
X+ (n+1)B| < K|X+nB|.
Thus
K|X|>|X+B|,K*|X|>K|X+B|>|X+2B|,....
Therefore, by induction,
K" |X| > |X + nBjJ, for all integers n > 0. (3.16)
Since B is in an abelian group and by Ruzsa triangle inequality, for all integers m,n > 0,

| X||mB —nB| = [X|[nB —mB| = |X||(—mB) — (—nB)|
< |X = (=mB)||X — (—nB)| = |X + mB||X +nB]. (3.17)

By combining (3.16) and (3.17) we obtain
ImB —nB| < |X +mB||X +nB|/|X| < K™ |X|-K"|X|/|X| = K™™|X].

Since X is a subset of A, K" | X| < K™ | Al

Therefore
|mB — nB| < KMt |Al.
O

Remark 3.8 (History of Theorem 3.7). [Zha23, p. 242] Theorem 3.7 is the more gen-
eral statement of the historical Pliinnecke’s inequality, which is the special case A = B of
Theorem 3.7. The historical version was first proved by Helmut Pliinnecke [Pli70]. Imre
Ruzsa [Ruz89] gave a simpler version of Pliinnecke’s proof and also extended it from sums
to differences. Therefore, the historical version is also known as Pliinnecke-Ruzsa inequal-
ity. However, Ruzsa’s proof was still quite long and complex. In a surprising breakthrough,
Giorgis Petridis [Pet12] found a very short proof of the result by introducing his novel tool,

Petridis’s lemma (Lemma 3.5), which is the one we presented above.
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3.1.4 Ruzsa covering lemma
Here is a simple and powerful tool in the study of sumsets.

Theorem 3.9 (Ruzsa covering lemma). [Ruz99][Zha23, p. 244]

Let X and B be finite sets in some abelian group. If
X + Bl < K|BJ,
then there exists a subset 7" C X with |7| < K such that

XCT+B-B.

Proof. Let T C X be a maximal subset such that t + B are disjoint for all £ € X. Here
maximal means 7" cannot be enlarged while preserving this property, equivalently, if there
exists z € X \ T such thatforallt € T, (x + B)N(t + B) = 0, then T"U{x} is a superset
of T' and still satisfies the disjointness property, which contradicts the maximality of 7.
Hence, for every x € X \ T, there must exist ¢ € T such that (z + B) N (t + B) # 0.

By disjointness,
IT||B|=|T+B|<|X +B|<K|B|.
Thus
T < K.

By the definition of T, for all x € X, there exists ¢t € T such that (z + B) N (t + B) # (),
thus there exist b, b’ € B such that

r+b=t+10
r=t+b—b
reT+ B—B,forallz € X.

Therefore,

XCT+B-B.

22



3.2 Freiman’s Theorem over Finite Fields

Before demonstrating what we can achieve using the toolkits we have built so far, we first

introduce the following concept.

Definition 3.10 (Exponent of an abelian group). [Zha23, p. 246] The exponent of an
abelian group (written additively) is the smallest positive integer r such that rz = 0 for
all elements = of the group. If no finite r exists, we say that its exponent is infinite (some

conventions say that the exponent is zero).

We shall prove a more general result Theorem 3.12, to prove the following statement.

Theorem 3.11 (Freiman’s theorem in F}). [Ruz99][Zha23, p. 246]
If A C F} has |[A+ A| < K|A|, then A is contained in a subspace of cardinality at most
f(K)|A]|, where f(K) is a constant depending only on K.

Theorem 3.12 (Freiman’s theorem in groups with bounded exponent). [Ruz99][Zha23,
p- 246] Let A be a finite set in an abelian group with exponent r < co. If |[A + A| < K |A

)

then
[(A)] < K257 1Al
Proof. By Theorem 3.7,
A+ (2A — A)| = |34 — A| < K*|A|.

By Theorem 3.9 (applied with X = 2A— A and B = A), thereexist T C 24— A, |T| < K*
such that

2 —ACT+A—-A.
We will use induction to prove that for all integers n > 1,
m+1)A—ACnT+A- A (3.18)

The base case n = 1 holds. For the induction step, assume that for some n > 1, the

following holds:

(n+1)A—ACnT +A— A
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Adding A to both sides, we have
(n+2)A—ACnT+2A- A
Since2A—-ACT+ A— A,
m+2)A-—ACnT+T+A-A=n+1)T+A-A

Therefore, by induction, the statement holds for all integers n > 1.

For any a € (A),
a = nyay + ngag + -+ + Nja|aa,

where a; € Aand n; < r.

For any nA,n > 1,sincenA =A+ A+ --- 4+ A, forany x € nA,
T =MN1Ty1 + NoXoy + -+ + NJA|T| Al

where z; € A and Zlﬁll n; =n.

This implies that for any a € (A), there exists n > 1 such that a € nA. Thus

(4) € | Jna

n>1

By adding A — A to each set nA, we get

(A clma+Aa-24) (3.19)

n=1

Since each element of 7" is a sum of n elements from 7, and (7") contains all integer linear

combinations of elements of 7', we have
nT C(T).
Hence, by the property of set addition,
nl'+A—-AC(T)+A—- A (3.20)
By combining (3.18), (3.19) and (3.20), we have

(A) C(T)+A— A (3.21)
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Since for any ¢t € (T'),
t =nity + naoto + - - + nypitypy,

where t; € T and n; < r — 1, there are at most 77| elements in (7). Thus

(T < rlTh =57 (3.22)
By Theorem 3.7

|A— Al < K?|A|. (3.23)
By combining (3.21), (3.22) and (3.23), we have

[(A) < UT) + A— A < (T)]|A - Al < K> |A].
O

Remark 3.13 (Remark of Theorem 3.11). [Zha23, p. 246] Notice that Theorem 3.11 is
a special case of Theorem 3.12 with exponent r = 2. Therefore the size of (A), which
contains A, is at most K 22K ! |Al, thus A is contained in a subspace of cardinality at most

F(K)|A], where f(K) = K225 is a constant depending only on K.
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CHAPTER 4

FREIMAN HOMOMORPHISMS AND MODELING LEMMA

In Chapter 3, we have proved a weaker version of Freiman’s theorem. In fact, it is way
more complicated to prove Theorem 2.10, which we state in Chapter 6. Therefore, a more
powerful toolkit must be built. In this Chapter, we will prove a powerful tool: the Ruzsa
modeling lemma. Interestingly, we will see how probability theory provides strong support
when we study additive combinatorics. Furthermore, we will introduce an important con-
cept in additive combinatorics, Freiman homomorphism, which is a strong bridge allows
us to map a subset of Z into a finite field model, while preserving its additive structure.
Also, we will provide the proof of Ruzsa modeling lemma, which relies on the Freiman
homomorphism. In order to deepen the understanding of this concept, we will also discuss

several examples related to Freiman homomorphisms and provide a proposition.

4.1 Freiman Homomorphisms

4.1.1 Freiman homomorphisms

Definition 4.1 (Freiman homomorphism). [Zha23, p. 248]
Let A and B be subsets in two possibly different abelian groups. Let s > 2 be a positive
integer. We say that ¢ : A — B is a Freiman s-homomorphism (or Freiman homomorphism

of order s), if
¢(ar) + -+ ¢las) = ¢(ay) + -+ + ¢(ay)

whenever ay, ..., as,a},...,a, € A satisfy
i+ tag=d +--+d.

We say that ¢ is a Freiman s-isomorphism if ¢ is a bijection, and both ¢ and ¢! are
Freiman s-homomorphisms. We say that A and B are Freiman s-isomorphic if there exists

a Freiman s-isomorphism between them.

Remark 4.2 (Why we need Freiman homomorphism). As a preview of later chapters, many
subsequent theorems will focus on Z/NZ rather than Z itself. This is because directly

studying Z would make many problems quite challenging, but the unique characteristics of
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7./ NZ offer a natural advantage in the derivation of many theorems. However, our target,
Freiman’s theorem, focuses on the set of integers. This is where Freiman homomorphisms
play a crucial role. As mentioned in the introduction, Freiman homomorphisms allow us
to map a subset of Z into a finite field model while preserving its additive structure. This
implies that we can apply the tools from Z/NZ to the set of integers. We will see this

usefulness in the final proof in Chapter 6.

4.1.2 Examples over Freiman homomorphisms

In order to deepen the understanding of above concept, we provide some examples re-
lated to it. The following is to show that the Freiman s-homomorphisms or Freiman s-

isomorphisms are preserved under composition.

Example 4.3. [Zha23, p. 248] Prove that if ¢; and ¢, are both Freiman s-homomorphisms,
then their composition ¢4 o ¢, is also a Freiman s-homomorphism and if ¢; and ¢, are both

Freiman s-isomorphisms, then their composition ¢, o ¢, is a Freiman s-isomorphism.

Solution. Let A, B, C' be subsets of possibly different abelian groups. Let ¢, : A — B,
¢2 : B — C be Freiman s-homomorphisms. Then for any ay, as, ..., as,a},al, ..., ad. €

A, satisfying
aj+as+---+as=a,+ay,+--+a.
Since ¢, is a Freiman s-homomorphism, we have ¢;(a;), ¢1(a;) € B forall 1 < i < s, and
¢1(a1) + é1(az) + -+ 1 (as) = d1 (ay) + ¢1 (ag) + -+ + ¢1 (af) -
Since ¢- is also Freiman s-homomorphisms

$2 (91 (a1)) + @2 (¢1 (az)) + - + @2 (¢1 (as))
=¢a (¢1 (a})) + @2 (01 (a3)) + - + P2 (¢1 (al)) -

This is exactly

(P20 ¢1) (a1) + (P20 ¢1) (az) + -+ + (P2 0 d1) (as)
= (g2 0 ¢1) (a}) + (20 ¢1) (ay) + -+ + (g2 0 ¢1) (al) .
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Thus ¢4 o ¢; is a Freiman s-homomorphism.

Assume that ¢; and ¢, above are both Freiman s-isomorphisms, then ¢; and ¢, are bijec-
tions. Hence ¢, o ¢ is a bijection. We have shown ¢, o ¢, is a Freiman s-homomorphism.
To conclude that ¢, o ¢, is a Freiman s-isomorphism, it suffices to show that (¢, o d)l)*l is
a Freiman s-homomorphism.

Since ¢, and ¢, are Freiman s-isomorphisms, ¢, ¢, " are Freiman s-homomorphisms.
We have shown that the composition of two Freiman s-homomorphisms is a Freiman s-
homomorphism, hence we can conclude that (¢ o ¢1)_1 = ¢;' o ¢,' is a Freiman s-

homomorphism.

]

The Freiman s-homomorphisms and Freiman s-isomorphisms are also are also preserved

under descending of order.

Example 4.4. [Zha23, p. 248] Prove that every Freiman (s + 1)-homomorphism is au-
tomatically a Freiman s-homomorphism and every Freiman (s + 1)-isomorphism is auto-

matically a Freiman s-isomorphism.

Solution. Let A, B be subsets in two possibly different abelian groups. Let ¢ : A — B be
(s + 1)-homomorphism. Set a1, a,,, € A and a,1 = a,, . Hence ¢ (as41) = ¢ (a, ;).

Then for any ay, as, . .., a4, ay, db, ..., d, € A, satisfying
ap+ay 4+ ag=day +ay+ -+l
We have
a1+a2—|—~~~+as+as+1:all‘f‘alg"’"“"a;"‘a;ﬂ

¢ (1) + ¢ (az) + -+ ¢ (as) + ¢ (asr1) = ¢ (ay) + ¢ (a5) + -~ + ¢ (a)) + ¢ (aiy) -

Hence

¢ (ar) + ¢ (ag) + -+ ¢ (as) = ¢ (a)) + ¢ (ah) +---+ ¢ (ay).

Therefore ¢ is a Freiman s-homomorphism.
Assume that ¢ above is a Freiman (s + 1)-isomorphism. Hence ¢ is a bijection. We
have shown that ¢ is a Freiman s-homomorphism. To conclude that ¢ is a Freiman s-

isomorphism, it suffices to show that ¢! is a Freiman s-homomorphism.
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Since ¢ is a Freiman (s + 1)-isomorphism, ¢! is a Freiman (s + 1)-homomorphisms.
We have shown that every Freiman (s 4+ 1)-homomorphism is automatically a Freiman s-

homomorphism, hence we can conclude that ¢! is a Freiman s-homomorphisms. 0

The following example shows that a Freiman homomorphism is a weaker version of group

homomorphism.

Example 4.5. [Zha23, p. 248] Prove that every group homomorphism is a Freiman homo-

morphism of every order.

Solution. Let (G, ), (H,-) be two abelian groups. Let ¢ : G — H be a homomorphism.
Then for any g1, go € G, we have

(g1 % g2) = & (91) - P (92) -

Forany s > 2, 1,92, - -, s, Gy, Ja, - - - » G € G satisfying

GLk ok kg =gy Kk Ghx kgL

We have
G915 gak---xgs) =0 (1) @(g2x--xgs)
=@ (1) d(92) @ (gs*-xg5)="=0(q1) d(g2) - & (gs)
=@ (grxgyx--xg) = (1) @ (ga*---*gL)
= (g1) - ¢(g5) - d(gsx---xg) =---=0(g1) & (g) D (g0)-
This shows that ¢ is a Freiman s-homomorphism. [

A Freiman homomorphism is often easy to construct for certain special sets. For instance,
a Sidon set S, which is defined as a set that has no nontrivial solutions to a + b = ¢+ d, for
a,b,c,d € S.

Example 4.6. [Zha23, p. 248] Let .S be a Sidon set, prove that every map from S to an

abelian group is a Freiman 2-homomorphism.
Solution. Let G be an abelian group and ¢ : S — G, for any sy, S, s}, 55 € S satisfying
S1 4 89 = 8| + Sy
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Without loss of generality, we may assume that
S1 = S9, 8] = 5.
Then
b (s1) = B (s)
¢ (s2) = ¢ (s5) -

Thus

¢ (51) + & (s2) = @ (5)) + 9 (53).

]

Although some mappings do preserve all the additive relations on the forward direction, it

is not always true for their inverses.

Example 4.7. [Zha23, p. 248] The natural embedding ¢ : {0,1}" — (Z/2Z)" is the
restriction of a group homomorphism from 7", show that it is a Freiman homomorphism
of every order and it is also a bijection. Show that the inverse of ¢ does not preserve all

additive relations (e.g., 1 + 1 = 0+ 0 (mod 2) hence ¢ is not a Freiman 2-isomorphism).

Solution. Let A := {0,1}" be a subset of abelian group (Z",+) and B := (Z/2Z)" be
a subset of abelian group. Let ¢ : A — B be the natural embedding. For any s > 2,

ay,ag, . ..,0s, 0,05, ...,a, € A, satisfying
ai+as+---+a,=a,+ay+--+a.,.
We have

¢ (a1) + ¢ (ag) + -+ ¢ (as)

= ([m1 (a1 +ag+ -+ ay)], [m2 (a1 +ag + -+ as)],..., [mn (a1 + ag + - + ay)])
= ([m (a} +ay+---+al)],[m(a) +ay+---+al)],....[m, (] + a5+ +a))])
= ¢ (ay) + ¢ (ay) + -+ o (ay),

where 7; is the projection function and [z] denotes the congruence class of z in Z/27Z.

Therefore, ¢ is a Freiman s-homomorphism.
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For any a1, ay € A, if ¢ (a1) = ¢ (az), then

([ (a1)] s [m2 (a1)], - - - [mn (a1)]) = ([m1 (a2)] s [m2 (a2)] 5 - - -, [mn (a2)])
7 (a1) = m; (ag) ,forany i € {1,2,... n}

a; = Q9.

Thus ¢ is injective.

For any b = ([b1], [b2] , ..., [bn]) € B, there exist (b1, b, ..., b,) € A such that

(b, b, ... by) = &L (D).

Thus ¢ is surjective and we can conclude that ¢ is a bijection.
Take by = ([1],[1],...,[1]),b2 = ([0],[0],...,[0]) € B, then

by + by = by + bo,

and
o (b)) + ¢ (by)
=(L1,...;,1)+(1,1,...,1) =(2,2,...,2)
# ¢~ (ba) + 97" (bo)
=(0,0,...,0)+(0,0,...,0) = (0,0,...,0).

Therefore, ¢! is not a Freiman s-homomorphism, which implies ¢ is not a Freiman 2-

isomorphism. O

The next example further illustrates the slight distinction between Freiman homomor-
phisms and Freiman isomorphisms. It also shows that this distinction can disappear when

we add some restrictions.

Example 4.8. [Zha23, p. 248] Show that for N > 2, the natural embedding ¢ : [N] —
Z/NZ is a Freiman homomorphism of every order, but it is not a Freiman 2-isomorphism.
Moreover, show that when the domain is restricted to all integers less than N/s, the map ¢

becomes a Freiman s-isomorphism onto its image.

Solution. Let A := [N] be a subset of abelian group (Z,+) and B := Z/NZ be a subset
of abelian group. Let ¢ : A — B be the natural embedding.
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For any s > 2, ay,aq,...,as,a},ah, ..., a, € A, satisfying
/ !/ /
ar+ay+---+as=a;+ay+---+a,.

We have

¢ (a1) + ¢ (az) + -+ + ¢ (as)

= a1 +az + -+ a

= [a}) +ay+ -+ d)

= ¢ (ay) + o (ay) + -+ ¢ (a) .

where [z] denotes the congruence class of z in Z/NZ.
Therefore, ¢ is a Freiman s-homomorphism.

Since N > 2, if N is even, take b; = [%] ,by = [0] € B, then

and

¢ (b1) + 07" (b)
N N
22

# ¢ (ba) + ¢ (ba)
0 0

If N is odd, take b; = [N’l] by = [M] ,bs = [0] € B, then

2
by + by = b3 + bs,

and

¢~ (br) + ¢~ (be)
N-1 N+1_
> T T
# ¢ (bs) + ¢ (bs)
=0+0=0.

N

Therefore, ¢! is not a Freiman 2-homomorphism, which implies ¢ is not a Freiman 2-

isomorphism.
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Let A’ be the restricted domain to all integers less than N/s, namely, A’ = {0,1,...,[N/s] — 1}.

Let B’ be the image of A’ under the map ¢, namely, B’ = {[0], [1],...,[[N/s] — 1]} For
any ar,as € A, if ¢ (a1) = ¢ (az), then

[a1] = [as)]

Thus ¢ | 4/ is injective.

For any [b] € B’, we have b € A’ such that

b=ola"" ([b]).

Thus ¢ | 4/ is surjective and we can conclude that ¢ | 4/ is a bijection.

Since A’ and B’ are the subsets of A and B, respectively, the *Freiman s-homomorphism’
property holds for ¢ | .. To conclude that ¢ |4 is a Freiman s-isomorphism, it suffices to
show that ¢ | 4" is a Freiman s-homomorphism.

Forany b;, br; € {0,1,...,[N/s|=1} (i =1,...,s),let[by],[bo], ..., [bs],[b1],[b5), ... [V)] €
B'’. Suppose that:

[b1] + [bo] + - -+ [bs] = [4] + [b5] + - - + [b3] -
We have
bi+by+- - +bs— (V) + b+ +0b,) =nN, for somen € Z.

Since diam A" = sup |a; — a;| = [N/s] — 1, and for the corresponding preimages
a;,a; €A’

by, b, ... b, by by, b€ A

(b1 4Dy 4+ 4 b) = (By A0y 4+ 4 B))|
= by — by + by — by + -+ b, — ]

< zs: |b; — b
=1

<s-([N/s]—1)
<s-(N/s+1—1)=N,

hence



Therefore, we must have
STEt) =D b= o ()= b
=1 =1 =1 =1

-1 . . .
hence, ¢|4 " is a Freiman s-homomorphism. [

Remark 4.9 (Diameter). [Zha23, p. 248] Example 4.8 has the following easy general-
ization(Proposition 4.10), which we shall use later. The diameter of a set A is defined to

be

diam A = sup |a — b|.
a,be A

Proposition 4.10 (Small diameter sets). [Zha23, p. 248]
If A C Z has diameter diam A < N/s, then A is Freiman s-isomorphic to its image mod
N.

Proof. Let A C Z with diam A = sup |a; —a;| < N/s. Let ¢ : A — Z/NZ be the
ai,ajEA
natural embedding given by

with image ¢ (A) C Z/NZ.
For any a;,a; € A, if ¢ (a;) = ¢ (a;), then

[ai] = [a;]

a; —a; = nN, for somen € Z.
Since diam A < N/s, |a; — a;| < N/s < N, thus we must have

n=>0

a; = aj.

Thus ¢ is injective, hence ¢ is a bijection onto its image.

For any a;,a;, € A (i =1,...,s), let [a;], [a;] € ¢#(A). Suppose that:

/

ai+ag+--+as=a,+ay+---+ad,.
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We have

Thus, ¢ is a Freiman s-homomorphism.

For any [a1], [as], . .., [as], [@}], [ay], . . ., [a}] € ¢ (A), satisfying
[a1] + [az] + -+ + [as] = [a)] + [ad] + - - + [a].
We have
ai+az+---+a;,—(ay+ay,+---+a.,) =nN,forsomen € Z.

Since diam A = sup |a; — a;] < N/s, and for the corresponding preimages
a;,a;€EA
/ / !/
a1, A2, ...,0s, 01,05, ... 4, € A,

(a1 +as+ -+ as) — (a) +ay + - +d)|

!/ / !/
=lay —a} +ay—ah+ -+ a5 — d

<Z|ai—a2|
i=1
<s-(N/s)=N.

hence

Therefore, we must have

hence, ¢! is a Freiman s-homomorphism.
Therefore we conclude that ¢ is a Freiman s-isomorphism, A is Freiman s-isomorphic to

its image mod N. O
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4.2 Ruzsa Modeling Lemma

The Ruzsa modeling lemma is a powerful tool in additive combinatorics as it allows us to
find a ’not too small’ subset A’ of A C Z, which can be mapped to a subset of Z/NZ
while preserving all its additive relations. However, its proof is a bit complicated, so as
a warm-up, let us first prove an easier result in the finite field model. Although it is an
easier version, the proof of Modeling lemma over finite fields also requires some tools from
probability theory just as the proof over integer sets. Let us first examine what exactly we

have ’borrowed’ from probability theory.

4.2.1 Tools from probability theory

Lemma 4.11 (Boole’s Inequality). For any countable sequence of events A;, A,,... in a
probability space, the probability that at least one of the events occurs is bounded by the

sum of the probabilities of the individual events:
P (U Ai> < P4,

Lemma 4.12 (Pigeonhole Principle). Let n, m be positive integers with n > m. If n items
are put into m containers, then at least one container must contain more than one item. In
terms of mappings, if f : X — Y is a function between finite sets and | X| > |Y|, then
there exist distinct elements x, 2’ € X such that f(z) = f(2').

4.2.2 Modeling lemma over finite field

Now with the help of probability theory, here is the warm-up.

Proposition 4.13 (Modeling lemma in finite field model). [Ruz99][Zha23, p. 249]
Let A C F%. Suppose |sA — sA| < 2™ for some positive integer m. Then A is Freiman

s-isomorphic to some subset of F5".

Proof. Let B € F7"*" be a matrix chosen uniformly at random. We will construct a linear

map ¢ : A — F" defined by ¢(a) = Ba and show that it is a Freiman s-isomorphism.
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dl 21 bil
Z9 big .
Foranyd=| ~ | € (sA—sA)\{0},letBd=| = |.LetB;=| | denote thei-th

dn Zm, bz
row of the matrix B. For any index i,

Since there exists at least one ¢ such that d; # 0, suppose that d;, = 1 # 0. Then

=B;-d= Zb dj = bidi+ Y bidy=bi, + Y bydj.

J#k J#k

Since d € (sA — sA) \ {0} and B € F;”", d; € {0,1} and b; € {0, 1}. Thus the possible
values of S =) d; (mod 2) and b;, are 1 or 0.
Then if b;, =0,

J?Hf

biy + Y biyd;j =0+ 5,
itk
it b;, =
bi,+ Y bidj=1+S
i#k
Notice that the value of .S is independent of b;, , this implies that the value of
zi =by + Z#k bi,d; only depends on b;, .
Since B is chosen uniformly at random, b;, takes the values 0 or 1 each with probability %,
thus the probability P;(z; = bi, + >, bi,dj = 0) = Py(zi = by, + 3, biyd;j = 1) = z.
Since B, is independent of B;, j # 1, the value of z; is independent of z;, j # ¢, thus the
probability that B;d = 0 is

Since [sA — sA| < 2™, |(sA — sA) \ {0} < 2™. Lemma 4.11 gives us the probability P
that there exists d € sA — sA \ {0} such that B;d = 0 is

Z P (Bid; =0) < 2™ - 2%:1.

d;€sA—
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Therefore, the probability P; that for all nonzero d € sA — sA, B;d # 0 is
Py=1—P > 0.

Thus, there exists B € F5**" such that for all nonzero d € sA — sA, Bd # 0, fix sucha B
and define ¢ as

¢(a) = Ba
Forany x,y € A,d=x—y=sx— (y+ (s — 1)x) € sA— sA,if ¢ (x) = ¢ (y), then

Bx = By
B(x—y)=0.

By definition of ¢, x = y, this implies that ¢ is injective, hence ¢ is a bijection onto its
image. For any ay, as, ..., as,a), aj, ..., a, € A satisfying
aj+as+ - +as=ay+ay,+---+a..

By linearity, we have

¢ (ar) + ¢ (az) +--- + ¢ (as)
=B-(ag+ay+ - +ay)
=B-(d) +ay+---+a))

= 6(a}) + 0 (ah) ++ -+ 6 (al).

Thus ¢ is a Freiman s-homomorphism.

For any ¢ (a1> 7¢ (a2> ) 7¢ (as) ) ¢ (all) 7¢ (a/2) ) 7¢ (a;> in ¢ (A) SatiSfying
> ola) =) o).
=1 i=1

We have

B-(ay+ay+ -+ as)
=B (ay +ay + -+ al).

By linearity,

B-((a; +ag+--+as) —(a) +ay+---+a.)) =0.
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For the corresponding preimages a1, as, . . ., as, a}, ab, ..., as € A, (a1 + ag + -+ + as) —

(@) +aly+---+ad) € sA— sA, by definition of ¢,
Z a; — Z a, =0
i=1 i=1

s S
Z a; = Z a;.
i=1 i=1

Thus ¢! is a Freiman s-homomorphism. [

4.2.3 Ruzsa modeling lemma

The idea of the proof of Ruzsa modeling lemma over integer sets is quite similar to the finite
field case. However, since Z has infinite exponent while a finite field has finite exponent,
we have to shift our attention from A to A’ C A in order to restrict the domain. After this

restriction, all the additive relations will be preserved as desired.

Theorem 4.14 (Ruzsa modeling lemma). [Ruz94][Zha23, p. 250]

Let A C Z. Let s > 2 and N be positive integers. Suppose |sA — sA| < N. Then there
exists A C A with |A’| > |A| /s such that A’ is Freiman s-isomorphic to a subset of
Z/NZ.

Proof. Choose a prime ¢ > max(sA — sA). Thus for any non-zero z € sA — sA, x # 0
(mod ¢). Foreach A € {1,...,q — 1}, define the map ¢ : Z — {0,1,...,q — 1} by

é3(z) = Az (mod g).

For any A, Ay € {1,...,q9 — 1}, A\; # Ao, any nonzero x € sA — sA, If
A1z = Aoz (mod q),

then

)\1!13 — )\21} =0
(M —=X)z=0 (mod q).

Since z #Z 0 (mod ¢q), (A\; — A2) = 0 (mod ¢), which contradicts the fact (A — \y) €
{2—q,....,—1}U{L,...,q¢—2}.
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Thus, if A is chosen uniformly at random from {1, ..., ¢ — 1}, then for any fixed non-zero
x € sA — sA, the value ¢, (x) is uniformly distributed over {1,...,q — 1}. Therefore, the
probability that N divides ¢, (z) is

P [ aro) - 2 < L

Since [sA — sA| < N, |(sA —sA) \ {0}] < N. Lemma 4.11 gives us the probability P,
that there exist v € sA — sA\ {0} such that N | ¢, (z) is

PrEresA—sA\ [0} | N @) s Y PN|éa) <N =1
xesA—sA\{0}

Thus, there exists A such that NV { ¢, () for all nonzero x € sA — sA. We fix such a A and
write ¢ = ¢@,.

Let us partition the codomain of ¢, {0, 1,...,¢ — 1}, into s disjoint intervals Iy, I, . .., I,
each of length at most [¢/s] thus each of diameter at most ¢/s. Since ¢ assigns each
element of A into exactly one of these s intervals, Lemma 4.12 implies there exists at least
one interval that at least | A| /s elements of A are assigned by ¢ to this interval. Fix such an

interval, denote it by /, and we define:
A'={a€ A:¢(a) €I},
with
Al > |A] /5.
Define ¢ : {0,1,...,9g — 1} — Z/NZ by
p(a) =a (mod N),
and let ) : Z — Z/NZ be
Y =pop.
Fora;,ay € A’ C Z, if

(8

—~

a1) = ¢ (az),

then
¢ (a1) = ¢ (az) (mod N).
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Since

gb(al —CLQ) :)\(al —CLQ),
¢ (a1 —az) = A(ar —az) (mod g).

Thus
¢ (a1 —az) = A(a1 —az) =Aar  (mod ) — Aaz  (mod ¢) = ¢ (a1) — ¢ (az) (mod g).
Since ¢ (a1) — ¢ (az) < diam I < ¢/s,and ¢ (a3 — az) € {0,1,...,q— 1},

¢(a1) — ¢ (az) = ¢ (a1 — a),
d(ar —ag) =¢(a1) —¢p(az) =0 (mod N).

Sincea1—a2:a1+a2—|—---+a%—gg+---+a%€SA—sA,sobythedeﬁnitionofgb,

vV v
s s
a1 — aog :0,
a1 = Q9.

This shows that 1) is injective, thus ) is a bijection onto its image of A’.
For any ay,aq, ..., as,ay,d,, ..., a, € A’ satisfying

s

s
E a; = E ai'.
=1

=1

We have
YIRS BT
i=1 i=1
Z \a; = Z Aa;" (mod q)
i=1 i=1
By the definition of ¢,
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hence

Z o (a;) = Z Aa;  (mod q)

Zgzﬁ (a;) = Z \a; = Z \a; = Z ¢ (a;') (mod q)

iqﬁ (ai) - i¢ (a/) =0 (mod g).
Notice that : )
ZS:W%’) —ZS:M&/) < s-diamI <s-q/s=q.
i=1 i=1
Therefore
Z 6(0:) - Z 5(af).

This shows that ¢ is a Freiman s-homomorphism on A’.

For any by, b, ..., b, b, b5, ... U, € I satisfying

i=1 =1

We have

This implies that > >, ¢ (b;) = >_7_, ¢ (b;") and thus ¢ is a Freiman s-homomorphism on
1.

By Exercise 4.3, we conclude that 1) = ¢ o ¢ is a Freiman s-homomorphism on A’.

For any ay,as, ..., as,a}, ab, ..., a. € A’ satisfying
S S
Z?/) (a;) = Z¢ ().
i=1 i=1
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We have

S S

yi=> ¢(a)— Y ¢(a’)=0 (mod N).

i=1 i=1

By swapping (a1, as, . .., as) with (@}, d}, ..., al) if needed, we may assume that y > 0.

? s

Notice that
y= iﬁb(az’) — iqb(a/) <s-diaml <s-q/s=q.
i=1 i=1
Thus
0<y<aq.

Letx =37 ,a;,—y . a’ €sA—sA, then

s

o) =0 (Z—Z) =Y 0(@) - o(a)=y (modq).

i=1

Since ¢ (v),y € [0,¢) NZ,
Therefore
By the definition of ¢,

which implies that Y, a; = >0 a;’.

Therefore, 1) ~! is a Freiman s-homomorphism on 1 (A’).

The above has shown that 1 is a bijection and both ), ¢)~! are Freiman s-homomorphisms,

therefore we can conclude that ¢ is a Freiman s-isomorphism from A’ to its image.
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CHAPTER 5

CROSS-DISCIPLINARY INTERACTIONS: HARMONIC
ANALYSIS AND GEOMETRY OF NUMBERS IN ADDITIVE
COMBINATORICS

In Chapter 4 we have shown how probability theory could help to build tools for additive
combinatorics. In this Chapter, we will continue borrowing tools from other mathematical
fields to build our toolkits. Firstly we will shift our attention to the harmonic analysis
and see how it could help us to prove the Bogolyubov’s lemma—the theorem claiming
that sumsets necessarily contain subspaces or approximate subspaces. After that, we will
introduce several concepts in the geometry of numbers, as well as an important result in

this area, Minkowski’s theorem, which is also a powerful tool in additive combinatorics.

5.1 Harmonic Analysis in Additive Combinatorics

Throughout the previous chapters, we have primarily relied on combinatorial tools. While
these tools are effective for studying the size of a set, they struggle to research its under-
lying structure. In the arguments that follow, we shall study our target sets through the
convolution of indicator functions. However, since this function is discrete, direct analysis

rather challenging.

This is where harmonic analysis, a mathematical field dedicated to studying periodicity,
comes into play. Specifically, we will use the Fourier transform to express our discrete
function as a sum of periodic functions. By doing so, we bypass the discreteness of the
original function; instead, we are able to study its behavior through a sum of periodic
waves. But before that, let us first introduce the concepts and tools we will borrow from

harmonic analysis.

5.1.1 Tools from harmonic analysis

Definition 5.1 (Convolution in ). [Zha23, p. 206] Given f, g : ) — C, define f * g :
F, — Cby
(f *9)(x) :== Eyern f(y)g(7 — y).
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In other words, (f * g)(x) is the average of f(y)g(z) over all pairs (y, z) withy + z = x.

Definition 5.2 (Convolution in Z/NZ). Given f,qg : Z/NZ — C, define f x g : Z/NZ —
C by

(f*x9)(x) = Eyeznaf(y)g(x —y).

In other words, (f * g)(z) is the average of f(y)g(z) over all pairs (y, z) withy + 2z = =
(mod N).

Theorem 5.3 (Convolution identity in F7). [Zha23, p. 206] For any f,9: Fy — C and
any r € IE‘;L,

— ~

frg(r)=f(r)gr).

Theorem 5.4 (Convolution identity in Z/NZ). For any f,g: Z/NZ — C and any r €
7/NZ,

—_— ~

fg(r) = f(r)g(r).

Theorem 5.5 (Fourier inversion formula in F}). [Zha23, p. 204] Let f: F) — C. For

every r € ]F;},
= flrw

relfy

Theorem 5.6 (Fourier inversion formula in Z/NZ). Let f: Z/N7Z — C and let w =
exp(2mi/N). For every x € Z/NZ,

> )

reZ/NZ

Theorem 5.7 (Parseval / Plancherel in IFZ). [Zha23, p. 204] Given f, g: ) — C, we have

]EmEF”f Z f

relfp

In particular, as a special case (f = g),

Eper| f(2)P =Y |f(r)]%

refy
Theorem 5.8 (Parseval / Plancherel in Z/NZ). Given f,g: Z/NZ — C, we have

Eeznef(@)g(@) = > flr

reZ/NZ
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In particular, as a special case (f = g),

Eer/NZ|f(SU)|2: Z ‘J?(T>|2

reZ/NZ

Remark 5.9 (Proofs and Generalization to 7Z/NZ). We omit the detailed proofs for the
Fourier analytic theorems presented above. More information can be found in Graph The-
ory and Additive Combinatorics [Zha23, Chapter 6]. Furthermore, although Zhao intro-
duces these Fourier analytic tools specifically for the finite field model F} in the book,
we will directly generalize and apply them to the cyclic group Z/NZ in the subsequent
proof of Theorem 5.13. This generalization is naturally valid as ), and Z/NZ share the

underlying structure of finite groups.

5.1.2 Bogolyubov’s lemma over finite field

Now let us see what we can do by using our newly acquired tools. As mentioned at the be-
ginning of this Chapter, Bogolyubov’s lemma allows us to find some subspaces in sumsets.
However, for most integers N (namely, when N is not prime), Z/NZ is not a field, which
implies that no vector space can be based on it. Meaning the concept of "subspaces" does
not exist in Z/NZ. In that case, we will construct an approximate subspace, which we will
present later (Bohr sets). But before that, let us first warm up with the finite field model

just as we did in Section 4.2.

Theorem 5.10 (Bogolyubov’s lemma in F})). [Bog39][Zha23, p. 252]
If ACF} and |[A| = ap™ > 0, then 24 — 2A contains a subspace of codimension < 1/a?.

Proof. Let f : F) — Rbe

f@)=1axlaxl_gx1_4

where 14, 1_4 are indicator functions.

By the definition of convolution, for any = € F

f (@) =Eecrn (Byerpla (¥) 1a (2 = 9) Eyerpla (y) 1a (z — 2 — y)) .

Since 14,1-4 > 0, f(x) > 0 and f > 0 if and only if there exist z,y, z € F} such that
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1a(y),1a(z—y),1_4(y),1_4(x — 2 — y) > 0, which is equivalent to

y=a, €A
z—y=uay €A
(5.1)
y=—az € —A
rT—z—y=—a4 € —A,
which after substitution implies that z = a; + as — az — ay € 2A — 2A. Therefore, it
suffices to find a subspace such that for all z in such subspace, f (x) > 0, to show that such
subspace is contained in 2A — 2A.
By Theorem 5.3, for any x € F)
F) = s LT s la=Ta-T-13-100

Notice that for any r € F)

T4 (r) = Eperyla (z) ™

L4 (r) = Eperploa (@) 0™
where w = exp (27i/p), we have

1a (r) = Eaery 14 (2) ™" = Eaery 14 () exp (—2mir - /p
= Eserpla (x) (cos (—27r - x/p) + isin (—27r - x/p

—

( )
1a (1) = Egepnla (z) (cos (=277 - x/p) — isin (=277 - 7/p)
= Eyery La (¢) (cos (277 - 2/p) +isin (277 - 2/p)

—r-x

1/—\A (r) = Ezerpl_a (z)w = Eyerpl_a (x) exp (—2mir -z /p

)
)
)
)
)
)

= Ezerpl_a (2) (cos (=277 - /p) + isin (=277 - 2 /p)
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Forany r € A, —x € — A, thus

i (r)
= Eyerpla (2) (cos (27r - /p) + isin (277 - 2 /p))
1 ( Y wea La () (cos (2mr - 2/p) + isin (277 - 2/p)) )
Pt + ngA 1a () (cos (2mr - x/p) + isin (27mr - z/p))

——ZlA (cos (27r - x/p) + isin (277 - x/p))
€A

__ZlA (cos (277 - a/p) + isin (271 - a/p))
— —Z cos (2mr - a/p) +isin (277 - a/p))
:—Zl Al (cos (27r - a/p) + isin (271 - a/p))

— Z 1_4 () (cos (2mr - x/p) + isin (277 - x/p))

zE—A

_ 1 ( Yowealoa(x)(cos (2mr - x/p) + isin (277 - x/p)) )
P\ + 2 pgaloa(z)(cos (2mr -z /p) +isin (277 - z/p))

= Everyl_a (z) (cos (~2n7 - o/p) + isin (~2nr - z/p))

=1 a(n)

where a is in A.

Hence,

f($):::1A,'1A '1—A,'1—A
—~\2 /=—\2
= (%) - ()
|4
-]

By Theorem 5.5, for any x € F)

=Y e

relfp

= Z‘Q(T)At

rEFg

W',
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Notice that for » = 0, any = € F)

4 4

—~ 4 —~ —_~
(1A<0) wo"”:‘lA(O) — [Bpery Ta () w0
/A\ 4 1 4 1 4
— [Eeery Ta (@)] = |- - 141] = |- - op”
p p
:a4

Let R = {r e Fp\ {0} : ‘ﬁ (7")’ > a3/2}, then by Theorem 5.7 we have

R -o® =R (®*)* < ST P < Y [Ta(r) 2

reR relfp

2
The strict inequality is used here since 0 ¢ R and ‘1 A (0)‘ =a? > 0.

Thus we have
|R| < 1/a”.
Forr € F} and r ¢ R U {0}, by Theorem 5.7 again we have

Yoomamt= D )P Tar) P

ré RU{0} ré RU{0}
< Ta(r) - 1, (r) |2
< max L) ) (L)
r¢ RU{0}
<o’ ) T (r)?
r¢ RU{0}
<a® N [La(r)
rng
=a*-a=a

The strict inequality is used here for the same reason as above.
Let R+ be the orthogonal complement of R in the vector space [, namely, for any x € R*,

any r € R, we have x - r = (0. Assume that there are exactly £ elements in R, then

T1
T2
R={ri,ry,...,r}, let M € FF*", M = ,T:Fr — F%,
Tk
T(z)=Mz.
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It is straightforward to verify that R* = ker(T'), and hence R* is a subspace of F.

By Rank-nullity theorem, we have
dim(ker(7")) 4+ rank(7T") = n.
Since rank(M) < |R| < 1/a?,

dim(R*) = n — rank(7T)
=n — rank(M)

>n—1/a”
Therefore,
codim(R") <n— (n—1/a%) =1/a”.

Forany z € R+, any r € R, we have z - 7 = 0.

TEDY T ()] Re (@)
>Lof+ L Ge) - X mer

reR r¢ RU{0}
>at+0-—at

=0.

The inequality > holds from Re (w™*) < 1.

We have shown that for any x € R, f(z) > 0 thus x € 2A — 2A, therefore, R+ is a

subspace with codim(R*) < 1/a? that is contained in 2A — 2A.

Remark 5.11 (The core of the proof). As we mentioned previously, the above proof use the

Fourier transform to express our discrete function as a sum of periodic functions. What we

do next is exactly divide them into three sets ({0}, R, F\ {0, R}) based on their amplitudes

<‘ﬁ (r) D to ensure that all elements within R+ satisfy our conditions after the function

transformation.

5.1.3 Bogolyubov’s lemma

As mentioned before, here is the definition of Bohr sets:
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Definition 5.12 (Bohr sets in Z/NZ). Let R C Z/NZ. Define
Bohr(R,e) = {# € Z/NZ: ||rz/N||rz < ¢, forallr € R}

where || - ||r/z denotes the distance to the nearest integer. Its dimension is |R| and width is
e. (Strictly speaking, the definition of a Bohr set includes the data of R and ¢ and not just

the set of elements above.)
Now let us prove the Bogolyubov’s lemma in Z/NZ with this approximate subspace.

Theorem 5.13 (Bogolyubov’s lemma in Z/NZ). [Bog39][Zha23, p. 253]
If A C Z/NZ and |A| = aN, then 2A — 2A contains some Bohr set Bohr(R, 1/4) with
|R| < 1/a?.

Proof. Let f : Z/N7Z — R be

f@)=1axlaxl_gx1_4

where 14, 1_ 4 are indicator functions.

By the definition of convolution, for any = € Z/NZ,

f(z) =E.cz/nz (EyGZ/NzlA W) 1la(z—y)Eyezynzloa(y) 1_a(x — 2 — Z/)) :

Since 14,1-4 > 0, f(x) = 0 and f > 0 if and only if there exist z,y, z € F} such that
1a(y),1a(z—9y),1_4(y),1_4(x — z —y) > 0, which is equivalent to

y=a, €A
z—y=uay €A
(5.2)
y=—az € —A
r—z—y=—a4 € —A,
which after substitution implies that x = ay +as — a3 —ay € 2A —2A. Therefore, it suffices
to find a Bohr set Bohr(R, 1/4) such that for all  in such set, f (x) > 0, to show that such
Bohr set is contained in 24 — 2A.
By Theorem 5.4, for any x € Z/NZ,

F) = s T asl a=Ta-Ta-13-T
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Notice that for any r € Z/NZ,

—rz

La(r) = Erez/nzla (z)w

14 (r) = Epezynzloa (z)w

where w = exp (27i/N), we have

T4 (r) = Epezynzla (z) ™ = Epezyvzla (@) exp (—2mir - o/N
= E,ez/nzla (2) (cos (—2nr - ©/N) + isin (=277 - /N

——

)
)
1a(r) = Egezynzla (x) (cos (=277 - x/N) — isin (=271 - 2 /N))
= Eyez/nzla (x) (cos (2mr - x/N) + isin (277 - 2 /N))
1_4 (r) = Epezynzl-a () w™"" = Epezynzla (x) exp (—2mir - x/N)
= Eyez/nzl-a (2) (cos (—2nr - x/N) + i sin (=277 - 2/N))

Forany x € A, —x € —A, thus

La(r)
= Eoezynzla (@) (cos (2nr - 2 /N) + isin (277 - 2/N))

:i< Y weala(@)(cos (2mr-x/N) +isin (27r - z/N)) )
N + 2 sgala () (cos (2mr - z/N) +isin (277 - z/N))

_ % S 14 (@) (cos (2mr - 2/N) + isin (277 - o/N))
:_Z1A (cos (2mr - a/N) + isin (277 - a/N))
= NZ cos (277 - a/N) + isin (277 - a/N))

_ _21 4 (—a) (cos (27 - a/N) + isin (277 - a/N))

= Z 1_4 () (cos (277 - z/N) + isin (277 - /N))

1 ( Y owealoa(z)(cos (2nr-x/N)+isin (27r - z/N)) )
+3 g aloa (@) (cos (277 - x/N) +isin (277 - 2/N))
= Eyez/nzl_a (z) (cos (=27r - x/N) + isin (—27r - 2 /N))

—

:1,A(7’).
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Hence,

fla)=Ta-Ta-T 414

- (5" (@)

/\4
:’1A

By Theorem 5.6, for any © € Z/NZ,

fla)y= > frw

re€Z/NZ

= 3 |

re€Z/NZ

4

W',

Notice that for » = 0, any = € Z/NZ,

4

P 4 — 4 —

(1A (0)’ WSO = ‘1A (0)( = |Bpezynzla (z) w™=
E el =2 4 . N4

— 1 . .
©€Z/NT. A(l')‘ ‘N |A| ‘N a

:Q{4

Let R = {7“ e Z/NZ\ {0} : \T;(r)

> a3/ 2}, then by Theorem 5.8 we have

Rl-o®=|R|- (**)* <Y 1T P < Y [Ta(r)

reR reZ/NZ

1 1
= E,eznzlla (z)* = N |A| = N aN = a.

2
The strict inequality is used here since 0 ¢ R and ‘1 A (O)‘ =a®>0.

Thus we have

|R| < 1/
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Forr € Z/NZ and r ¢ RU {0}, by Theorem 5.8 again we have

Yoo amt= Y @) Ta) P

r¢ RU{0} r¢ RU{0}
< max [Ta() P > [Ta(r)]?
r¢ RU{0}
r¢ RU{0}
<o’ > [La(n) P
r¢ RU{0}
<a® LA
reZ/NZ
=’ a=ad

The strict inequality is used here for the same reason as above.

For any « € Bohr (R, 1/4), every r € R satisfies

lrz/Nllgz < 1/4.

By the definition of || - ||g/z, there exists
€ [-1/4,1/4]
such that
8= % (mod 1).
Therefore,

2np € [—m/2, /2]
cos(2m3) > 0.

Hence, for some m € Z,
rT
cos (QWN) = cos (27 (B +m)) > 0,
therefore,

>[5 )| Rewr)

reR

=2

reR

Ta(r ‘ cos (2rrax/N) >
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Then for any = € Bohr (R, 1/4),

— 4
f@) = 3 |Ta@)| Re(w)

reZ/NZ

— — 4
DO + Xm0 Rew s XG0 Rew)

reR r¢ RU{0}

— 4 —

>[Lo +o- Y Lo
r¢ RU{0}

>at—at
= 0.

The inequality > holds from Re (w™*) < 1.
We have shown that for any = € Bohr (R, 1/4), f (z) > 0 thus z € 24 — 2A, therefore,
Bohr (R, 1/4) is contained in 24 — 2A with |R| < 1/a?. O

Remark 5.14. The idea of the proof of Bogolyubov’s lemma over Z/NZ is quite sim-
ilar to the finite field case. The primary difference is the way we find the special sets
(R*,Bohr(R, 1/4)), which are all used to control the Fourier character w”* of 7 € R and
all z in these two sets, to be at least zero. Specifically, R* is found relying on the properties

of finite field, and Bohr(R, 1/4) is what we defined for our specific purpose.

5.2 Geometry of Numbers

In Section 5.1.3 we have found that there is some Bohr set in sumsets, by the end of this
Chapter, we will show that there is a large GAP contained in some Bohr set. However, it is
required to use the tools like Minkowski’s second theorem, which we state in Section 5.2.3,

and that is the reason why Geometry of Numbers comes in.
5.2.1 Basic concepts in geometry of numbers
Definition 5.15 (Lattice). [Zha23, p. 255] A lattice in R? is a set of the form
A=Zvi® - ®Zvg={nvy+ - +ngug:nq,...,nqg €L}
where v, ..., vq € R? are linearly independent vectors.
The fundamental parallelepiped of a lattice A with respect to the basis vy, ..., v4 1S
{zqv1 + -+ xqVq : T1,...,24 € [0,1)}.
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The determinant of this lattice is defined to be

detA:=|det | v; -+ 4

This is the absolute value of the determinant of a matrix with vy, . .., v4 as columns.

Definition 5.16 (Lattice in Tao’s book). [TVO06, p. 114]
A lattice A in R? is any additive subgroup of the Euclidean space R? which is discrete(i.e.,every
point in A is isolated). The rank of A is defined as the dimension of the linear space spanned

by the elements of A. If the rank is d, we say that A has full rank.

Lemma 5.17 (Fundamental theorem of lattices). [TV06, p. 115]
If A is a lattice in R? of rank k, then there exist linearly independent vectors vy, vs, . . . , Uy
in R? such that A = Z% - .

Remark 5.18 (Two definitions of lattice). The two definitions of Lattice are equivalent.
Furthermore, the linearly independent vectors vy, vg, . .., v, in Lemma 5.17 (with rank d)

are exactly the basis vectors vy, . . ., v4 in Definition 5.15.

Remark 5.19 (Determinant of a lattice). [Zha23, p. 255]
The determinant of a lattice does not depend on the choice of a basis, and equals the volume

of every fundamental parallelepiped.

Proof. Recall from linear algebra that the volume of the fundamental parallelepiped gen-

erated by vy, ..., vy is the absolute value of the determinant of its basis matrix, namely,

| |
vol(P) = |det | vy -+ wy || =detA.

Let V. = {vy,vq,...,04},U = {uyg,us,...,uq} be bases of A. Notice that u; € A, for
t=1,2,...,d, thus there exist n;1,...,n;qg € Z such that

U; = N1V + *+* + NigVg.
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Then

Uy nyv + -
U9 No1U1 + .-
U p— p—
Uqg Ng1vy + -
nip Nig
| 21 Moz
Ndi1
= va
By a similar process, we have
V = NyU,

where N, € Z4*? Notice that

+ N14Vq
+ NogqVq
+ Ngavqd

Nid (%1

U2

Ndd Vg

V - N2U == NQNlV

Thus

Therefore by multiplicativity of the determinant,

NoNy = 1.

det(Ng) det(Nl) = det(NgNl) = det(]) =1.

Since Ny, Ny € Z%*¢, the determinants of N7, N, must be integers. Consequently, we must
) g q y

have

det(Ng) = det(Nl) = =+1.

Therefore,

|det(U)] = |det

Uy

= |det(N, V)|

= |det(N, V)| = |det(Ny) det(V)]

= |det(V

= det A.

)l
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Definition 5.20 (Successive minima). [Zha23, p. 256] Let A be a lattice in R? and K C R?
a centrally symmetric convex body. For each 1 < i < d, the ith successive minimum of K

with respect to A is defined to be
Ai = inf{\ > 0 : dim(span(AK N A)) > i}.

Equivalently, \; is the minimum A such that MK contains ¢ linearly independent lattice

vectors from A.

A directional basis of K with respectto A is abasis by, ..., bgof R?suchthatb; € \; KNA

foreach: =1,....d.

Remark 5.21 (Equivalence of Successive Minima). Let €2; be the collection of A such that

AK contains at least 7 linearly independent lattice vectors from A, equivalently,
Q; ={\ > 0:dim(span(AK N A)) > i}.
Suppose that \; = inf 2; ¢ Q;, then
dim(span(\K NA)) < .

Let {v1,vq,...,v,} be the set of linearly independent lattice points in A\; K, where j < i.

Let v; be the lattice point that v; ¢ \; K and minimizes the distance between v; and \; K
d(Um AZK)a

where v; is linearly independent of {vy,vs, ..., v;}. Since K C R? a centrally symmetric

convex body, K is compact. Then \; K is compact. Therefore, for any x € \; K,

[l = wil| # 0.
where || - || denotes a norm on RY. Let d = mingey, i |2 — v;|| > 0. Let D = max,ex ||yl
denote such ay € K as yp, namely
D = max ly) = ol

Let5:%>0,)\§:)\i+5.Foranyy€K,let

Ay =[Ny = Ayl = [\ + )y — Ayl = 6yl = éllyll < 6D = 5 - D =

58



Thus

Ny = vill = (i +0)y — il = [[Niy — vi + ||
> [[Aiy — vill = [|0y]|

doay st
2 2

> 0.
Let Ay, be the collection of points in (A \ {vy, va, ..., v;, v;}) thatis linearly independent of

{v1,vq,...,v;}. We claim that N, K’ N Ay = (). Assume for contradiction, if vy, is a lattice

point in A} K that is linearly independent of {v;,vs, ..., v,}, then by above argument. We

must have d(vg, \K) < 4 < {. This contradicts the fact that v; minimizes the distance

2
d(vi, i K).
Therefore we have A, > \; such that
v; & LK
dim(span(A\;K N'A)) < 4.
Since \; = inf €);, for any € > 0, we have \; + € € ();, which is equivalent to
dim(span((A; +€)K NA)) >

This contradicts above corollary. Therefore, we must have \; = inf (), € ;. This con-
cludes that )\; is the minimum A such that AK contains ¢ linearly independent lattice vectors

from A.

5.2.2 Blichfeldt’s theorem and Minkowski’s first theorem

This section will present a beautiful result in geometry of numbers, Blichfeldt’s theorem.

After that, we will present a direct result of it.

Theorem 5.22 (Blichfeldt’s theorem). [Bli14][Zha23, p. 257]
Let A C R? be a lattice and K C R? be a measurable set with vol(K) > det (A). Then
there are distinct points z,y € K withxz —y € A.

Proof. Let P be the fundamental parallelepiped of A with respect to the basis vy, ..., vy,
namely,

P={xyv1+ - +xqvg:21,...,24 €[0,1)}.
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For any x € RY,
r=7rv;+ -+ rquq
where 71, ...,74 € R, there exist ny,...,ng € Z such that fori € {1,...,d}, z; € [0,1),
T, = MN; + T;.

Thus,

iL’IZn’UZIZ(HZ+$Z)UZIZHZU@+Z$1UZ :)\—i—p

forsome A € Aandp € P.

Therefore,
RY= A+ P.

For some \ € A, let

Ky:=(\+P)NK,
translate it by —\ to bring it back inside PP. Then all the parts of K end up back inside P
via translations by some A € A.

By definition of the determinant of lattice,

| |
det A =|det | vy -+ vy |]|=]|det(V)].

Let I? = [0, 1), notice that
P=VIY={Vx:xecI.
Thus, by applying the change of variables formula for multiple integrals, we have

vol(P) :/Pldy

= / 1dy
V(1)

= /Id | det(V)| dx

= |det(V)| [ ldz
= | det(V)] - vol(I%)
= |det(V)| -1

= det(A)

< vol (K).
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Since K is the disjoint union of all K,

D vol(Ky = A) =Y m(Ky — )

AEA AEA

where m is the Lebesgue measure.
Assume that (K, — \) are pairwise disjoint, notice that (/, — \) are subsets of P, we must

have

> vol(Ky = A) < vol(P),
A€EA

which contradicts ), ., vol(/K, — A) > vol(P). Thus, there exist Ay, Ay € A with A\; # Ay
such that
(Ko, = A1) N (K, — Ag) # 0.

This implies that there must exist distinct points x, y € K, such that
T — )\1 =Y — )\2,
which is equivalent to
I—y:)\l—)\gz/\g,EA.
O
Minkowski’s first theorem is a direct corollary of Blichfeldt’s theorem, the following is the
Statement.

Theorem 5.23 (Minkowski’s first theorem). [Min96][Zha23, p. 257]
Let A be a lattice in R? and K C R? a centrally symmetric convex body. If vol(K) >

24 det(A), then K contains a nonzero point of A.
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Proof. Since K is a measurable set in RY,

vol GK) =m (%K) = (%)dm (K) =2""%ol (K) >2"%.2%det (A) = det (A).

By Theorem 5.22, there exist distinct points x,y € %K suchthatz —y = A # 0 € A.
Observe that 22,2y € K, since K is centrally symmetric, —2y € K, since K is convex,
forany t € [0, 1],

t(2x)+ (1 —1)(—2y) € K.

. o 1 .
Setting ¢ = 5, we obtain

1
(2$)+§(—2y):x—y:)\€K.

DN | —

5.2.3 Minkowski’s second theorem

Minkowski’s second theorem is a remarkable tool that helps us to find a GAP in some Bohr

set. Specifically, it allows us to show that the GAP that we find is large enough.

Theorem 5.24 (Minkowski’s second theorem). [Min96][Zha23, p. 257]
Let A C R%be alatticeand K C R%a centrally symmetric convex body. Let \; < -+ < Ny

be the successive minima of K with respect to A. Then
AL+ Agvol(K) < 2%det(A).

Proof. Let U = int(K) be the interior of K, which is an open centrally symmetric convex
set. For each 1 < @ < d, let \; be the ith successive minimum of K with respect to A. Let
{b1,ba,...,bs} be a fixed directional basis of K with respect to A. Notice that U and K
share the same successive minima A\; < --- < \; with respect to A. We will proceed by

working with the open set U.

Since \;U is the interior of \; K and b; lies exactly on the boundary of \; K, for 1 <i < d
we have
bi ¢ MUNA).

For any x € (\;U N A), suppose that z ¢ span(by, b, ..., b;_1). We must have
bla b27 s 7bi—17x
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are linearly independent. Since (\;U N'A) C (K N A), we have
e (MKNA).
By the definition of directional basis, we can select x as b; such that ; = x and
bi,ba,...,b;

is a directional basis of K with respect to A. This contradicts the fact that b; = = ¢
(MU NA).

Therefore, for any x € (\;U N A) we must have
T < span(bl, bg, <oy bi—l)-

Foreach 1 < j < d, define map ¢; : U — U as
T) = ch,i (zj,...,7q) b + inbh
i<j 2]
where z; € R is the i-th coordinate of = with respect to the directional basis {b1, ba, . . ., by}
and c;; is i-th coordinate of the center of mass of (j — 1)-dimensional slice of U which

contains z and is parallel to spang (b, bs, ..., b;_1). In particular, ¢ (z) = z forall z € U.
For any z = Zle x;b; € U, define ¢ : U — R? by:

d
r) =3 (NG @),

7=1
Notice that () is sum of weighted ¢;(z) where j € {1,2,...,d}, we can determine the

i-th coordinate of ¢(z) (with respect to b;) by summing the weighted i-th coordinates of
each ¢;(z). Let

=S A G+ Y (S 0())
= Yu(a) + Y(o)

Recall that



Therefore, for j € {1,2,...,4}, the i-th coordinate of ¢;(x) is z;, and for j € {i + 1,7 +
2,...,d}, the i-th coordinate of ¢;(z) is ¢;; (z;, ..., x4). Thus we have

i

vale) = 3 (E8) g, )

j=1
AL — A Ao — A i — Az
( 12 0)fﬁi+(22 l)fﬁi+"'+(Tl)fCi

A1 — A Ao — A Ai — A
1 0 A2 Ly 1

=3 2 .
i — Ao
g :L‘i
2
Ai
= =Ty,
2
L VY
j -1
wZQ( ): Z ( ! 2 ! )C.]?'L ('/I/‘.]7 7xd>
j=i+1

and then

i) = 0 (2) + inla) = S+ o).
Recall that ¢;; is i-th coordinate of the center of mass of (j — 1)-dimensional slice of
U which contains = and is parallel to spang(by, b, ...,b;—1), which depends only on
Zj,...,Tq thus ¥;(x), a sum of weighted ¢;11, ..., cq;, depends only on x; 11, ..., %4,

which implies that for any j < 4, 1;2(x) is independent of x;, therefore

oY, 0 (N
e = oy (30 velo))
= +
81‘]‘ al'j
—0+40
=0.
(%)
. . a(x) |
Then the Jacobian matrix of ¢)(x) = . is
[Yalx),
[0 9va . O] (M Ou 0|
ox1 Oxo Oxg 2 Oxo Oxg
Oy - : ..
J= |00 |0
9y o A
Fra R 0 o A




which is an upper triangular matrix.

Therefore,

A AAg- A
det(J):H_:%d
=1

and thus

vol(¢(U)) = | det(J)| vol(U)
Mg Ay
Assume that \; - - - Ay vol(U) > 24 det(A), which contradicts our statement, then

Mg N

1
5 vol(U) > 5 2% det(A) = det(A).

vol(y(U))
By Theorem 5.22, there exist x,y € U, x # y such that
U(x) —(y) € A\{0}.

Since x # y, there exists a maximum index k such that x; # y;. Consequently, for any

J > k, we have x; = y;, this implies that for any j > k and 7 < j,

Cji (xja cee ,l'd) =Cji (?/j; e ayd) .
Therefore,
¢ (x) — 95 (y) = (Z Cji (Tj, - wa) by + lebz> - (Z Cji (Yjy - -+ Ya) by + Z%@)
i<j 2] i<j 2]
= (Z Cji (Tj, -+ Ta) b — ch,i (Yjs - - -+ Ya) bi) + (Z b — Zyibi)
i<j i<j 2] i2]j
=0+0
=0.

Thus, for any j > k, we conclude that

¢j (7) = ¢; (y)-
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Then we have

A A5,0)

M&

1
J ¢]

J=1 J=1

zzxﬁlgthwmw—@@»

= S (640) - 64(0)

Notice that ¢;(y) is in U, as ¢; preserves the i-th coordinate of y for ¢ > j, and replaces
the i-th coordinate of y for « < j with the corresponding coordinate of center of mass of
(7 — 1)-dimensional slice of U which contains y and is parallel to spang(by, ba, ..., bj_1).

We claim that such a center of mass is in U. Let S be the slice above, then
S=Un {y + SpanR(bl, bg, ‘.. 7bj_1)}.

Since U and {y+spanR(b1, b, ...,bj_1)} are both convex, S is convex. Suppose the center
of mass of S, C'(5) := ol(S

(7—1)-dimensional Lebesgue measure on the affine subspace containing S. By Hyperplane

f g xdr §é S, where vol(.S) and dx are taken with respect to the

separation theorem, there exist v € R?\ {0}, ¢ € R such that

v-x >c,forallz € S (5.3)
v-C(S) <c

Notice that (5.3) implies that

1 1
UC(S)—F(S')/SU.IdJI>m/SCdI—C,

which contradicts the fact that v - C'(S) < c.
Therefore, C'(S) € S and thus C(5) € U.
Since U is symmetric, we have —¢;(y) € U. Since U is convex, for any ¢ € [0, 1],

t(oj(x) + (1 —1t)(—9,(y) €U

1

5> We obtain

Setting t =

(65D + 5 (~6,0)) = 5(65(2)  ¢5()) =y € U

N | =
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Since U is convex, for any a,b > 0, we have aU + bU = (a + b)U, since \; — \j_1 > 0,

we have

0la) () = 3 (I () - 6,(9)

k
N =N € (N —=A-)U

j=1 j=1
=M= Ao+ —AN+- -+ = N)U
=X — M) U

= \U.

This implies that m = ¢(x) — ¥ (y) € (AU NA). Recall that for any x € (AU NA) we
must have

x € span(by, b, ..., bi_1).

Therefore

m € span(by, ba, ..., br_1).

Since for any j > k, z; = y;, we have {2(x) = ¥x2(y), thus the k-th coordinate of m is:
my = () — Yu(y)
A A
= (7]{% + %2(%)) - (?kyk + %2(.@))

_ %ka _ %yk) + (Yra(x) — Yra(y))
N
= 7 ($k - ?/k) :

Notice that my, # 0 as xx # yx, which contradicts m € span(by, ba, ..., bx_1).
Therefore, we must have
AL Agvol(U) < 2% det(A).

Since K and U share the same successive minima, and vol(0(K)) = 0 as (K ) has measure

zero, we have

A1 Agvol(K) = Ap -+ Agvol(U) 4 A; - - Ag vol(O(K))
= A Agvol(U) < 2¢det(A).
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5.2.4 Finding a GAP in a Bohr Set

Recall that our ultimate goal is to prove that a subset A C Z is contained within a GAP. Let
us check the tools in our current toolkits. Bogolyubov’s lemma allows us to find a Bohr set
within a sumset. If we can find a GAP in such a Bohr set, we will have essentially bridged
the gap to our original goal. However, Bogolyubov’s lemma operates in the cyclic group
Z/NZ, whereas our target set A resides in the integer Z. This is exactly where the Ruzsa
modeling lemma, introduced in Section 4.2.3, makes a difference. It allows us to find a "not
too small" subset A” C A C Z that can be mapped to a subset of Z/NZ while preserving
all its additive relations. This implies that if we can successfully identify a GAP within the
Bohr set in Z/NZ, we can use this map to pull the GAP structure back into Z. This transfer
is precisely as the Ruzsa modeling lemma preserves all additive properties. Therefore, in

the following section, we will demonstrate exactly how to find a GAP in a Bohr set.

Theorem 5.25 (Large GAP in a Bohr set). [Zha23, p. 259]
Let N be a prime. Every Bohr set of dimension d and width € € (0,1) in Z/NZ contains a

proper GAP with dimension at most d and volume at least (¢/d)?N.

Proof. Let R = {ry,ra,...,1q} C Z/NZ. Recall that
Bohr(R,e) = {x € Z/NZ : ||lxr/N||g/z < €,forall r € R}.

Let

<7’1 T2 7"d>
v=|—,=,...,— ).
N’ N’ "N

We claim that for each z = 0,1,..., N — 1, z € Bohr(R, ¢) if and only if some element
of zv + Z4 lies in [—¢, ¢]?. We first prove the forward implication, suppose that for some
ofz €{0,1,...,N — 1}, x € Bohr(R,¢). Notice that

Try ITToy Try
=\ 7w w)

foreach .7 =1,2,..., N, since € Bohr(R, ¢),

eri
N lir/z =
Since
x]\? +z= I]\? (mod 1), for z € Z,
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by definition of ||-||r/z,

‘ xTr; i H ‘ xTr;
z == X
N R/Z N lir/z
Therefore, there exist z; € Z such that
ITr;
7 _17 1 ’
N +z; €] ]
H il + <e
Zi .
N R/Z =
Combining 5.4 and 5.5 we have
xIT; 4 c [ ]
z; € |—¢€,¢€|.
N
Then there exist z = (21, 22, . . ., 2,) € Z% such that

v+ 2 € [—¢,¢]

Conversely, suppose that foreachz = 0, 1,..., N —1, there exist z = (21, 2o, . .

such that

rv 4z € [—¢,e]h

T

For each coordinate of zv + z, ]C + z;, we have

xTr;

N

+ 2z, < €.

Since € € (0, 1), by definition of ||-||r/z,

‘ xTr; 4 <
Zi N
N R/Z
Since
x](; 2 = x](; (mod 1),
we have
’ xr; H xTr; I <
= Zi SR
N lIr/z N R/Z

Therefore we conclude that
x € Bohr(R,¢).

Let
A =7%+7v C R
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We claim A is a full-rank lattice in R?. It suffices to show that A satisfies the three properties

of Definition 5.16. For any 1, 25 € A, there exist z;, zo € Z¢ and z,, 2, € Z such that
Ty =1Z1 + 210, X9 = Zg + 29V
and

r1 — T = (21 + 210) — (22 + 200) = (21 — 22) + (21 — 29)v
=73 + zZ30,
where z3 =21 — 29 € Z%, 23 = 2y — 25 € Z. Thus 3 = 21 — x4 € A.

It suffices to show that for any z; # x5 € A,

21 — T2|] > % to show that every point in A
is isolated. For any x; # x5 € A, there exist at least one coordinate of x; and x, say, i-th

coordinate, such that

r; T
a1+bl'N=($1)¢#($2)¢=az+bz'ﬁ,
where aq, by, as, by € Z. Then
oy — ol = /(a1 + by - 55) — (a2 + by - +5))?
1 2|l = 1 Y 202 5

T

= \/((a1 —ag) + (by — o) N)Q.

» If a1 # ao, since ay, ay € Z, we have ||z1 — xo|| = /(a1 — a2)? > 1.

o If by # by, since by, by € Z, we have ||z —za]| = /(b1 — b2) - )2 = /(R)2 > +.
* a; = ay and b; = by contradicts our assumption.

Therefore we have

1
|21 — 22| > .

N
Notice that Z¢ C A, consequently e;’s are in A and therefore

rank(A) = dim(span(ey, ez, ..., €q)) = d.

By Lemma 5.17, there exist linearly independent vectors v, vs, ..., vy in R? such that

A = Z% - v. Notice that such a vector set is exactly the basis in Definition 5.15.

We have shown that R can be covered by fundamental parallelepiped P and all its trans-

lations by A in Theorem 5.22. Notice that there is only one lattice point in P and any of
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its translations. Furthermore, since translations do not change the volume, it follows that
vol(P) is exactly the reciprocal of density of A in R?, where the density is equal to the

number of elements of A in a unit cube of R?, [0, 1)%.

To intuitively visualize this conclusion, we provide an example in R?. We will show that
via geometric translations, an unit cube is seamlessly tiled by exactly 5 copies of the fun-
damental parallelepiped, where 5 is the density of A, and A, is the 2-dimensional version

of Awithr; = 1,75 =2and N = 5.

Since Z? C A,, the distribution of lattice points within the unit cube and any of its integer
translations is strictly identical. Its suffices to analyze the unit cube [0, 1)%. Figure 5.1
illustrates the unit cube [0,1)? in blue, the fundamental parallelepiped in green, and its

translations in red. Points P, P;, i = 1,2, 3, 4, are the lattice points in Ay N [0, 1)2.

1.6
1.4 !VE
! - r 4
cally |«
1.2
I’ —
/ -~ II
/. J
1 A
0.8
0:6
0.4 ——
02
-08 -06 -04 -02 O 0.2 0.4 0.6 0.8 1 1.2 1.4 16 1.8 2 2.2
-0.2

Figure 5.1: Unit cube [0, 1)2, fundamental parallelepiped and its translations.

To highlight the parts that need to be translated, we color the parts of parallelepipeds that
intersect the cube green, the parts of parallelepipeds that exceed the cube brown and the

parts of cube that do not intersect the parallelepipeds blue as shown in Figure 5.2.
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0.5

-0.5 0 0.5 1.5 2

Figure 5.2: Categorization of the unit cube and parallelepipeds.

Figure 5.3 illustrates that we could partition the brown part in Figure 5.2 into 5 parts, which
after integer translations can exactly cover the blue parts in Figure 5.2. For instance, the
lower-left yellow triangle is exactly the upper-right yellow triangle after being translated
by (—1,—1).

1.5 1

0.5

0.5 0 0.5 15 )

Figure 5.3: The geometric translation from Brown to Blue.
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The above shows that the volume of the fundamental parallelepiped of A, is exactly 1/5.

The geometric translation method above relies on the fact that the distribution of lattice
points within unit cube and any of its integer translations is strictly identical. Since Z? C A,
the above precondition is satisfied in R? as well. This gives that the similar geometric

translation is repeatable in d dimensions as well. Therefore our statement above is satisfied.

Now let us check the number of elements of A in the unit cube of R¢, [0, 1)d, recall that
A = Z%+7Zv C R? then it suffices to check the number of distinct combinations of decimal
part of z € Zv as Z¢ € A, to check the number of elements of A in such cube. For any

2z € Z, there exist g € Z and k € {0,1,..., N — 1} such that
z=qN + k.
Then

sz(qNJr/’f)vz(qN+k‘)(r1 ik Td)

N,N,...,N
_ noTe T
_q(Tlﬂ“Q,...,Td)—i-k‘(N,N,...,N)

_ r T rq d
K <N’ & ’N) (mod Z)

This implies that the number of distinct combinations of decimal part of x € Zv is at most
N.

Since there exists at least one r; # 0, in order to show that the number of distinct combi-
nations of decimal part of = € Zuv is at least N, it suffices to show that for any k; # k;, €
{0,1,..., N — 1}, the i-th coordinate of k;v and kv are distinct. Let e;; € [0, 1) such that

k’j?"i
N

=ej; (mod 1).

if €ji = Cki, then

where Z € Z. This contradicts the fact that N is a prime and r; € Z/NZ \ {0} and
kj # ki € {0,1,..., N — 1}. Therefore we conclude that the i-th coordinate of k;v and

kjv are distinct and consequently k;v and kv are distinct.
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Thus we conclude that the number of distinct combinations of decimal part of x € Zv
is exactly IV, and then the density of A in R? is N, hence vol(P), the reciprocal of such
density, is 1/N. By Remark 5.19,

det A = vol(P) = 1/N.

Consider a convex body K = [—¢,¢]%. Let Aj, Ao, ..., A be the successive minima of K

with respect to A. Let by, by, . . ., by be the directional basis. We know
105]]0c < Aje, for all j,

where ||b;]|~ denotes the maximum absolute coordinate of b;. Such inequality holds since
b € ;K and K = [—¢, €]

Foreachl < j < d,let L; = [1/()\;d)]. Forl; € Z,if 0 < [; < L;, notice that L; € Z,
then

Thus for £-th coordinate of each [;0;, [;b;,, we have

ljbjk < 1/()‘Jd)b]k

Then
1105]l0c < 11/ (Ajd)bj |
=1/(Njd) - [1bj |0
g 1/(>\jd) . )\jz’f
_ ¢
=
Therefore

d
11b1 + Iaby + -+ + Laballoo < Y libillee < 5 -d =€
=1

2

€
d
Since b; € A, there exist z € Z% and ¢ € Z such that

b =z + cv.

Notice that ¢ = gN +k forsome ¢ € Zand k € {0,1,..., N —1}, thus there exists z' € Z4
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such that

bj=2z+cv
=z+ (¢N + kv
N ] )

=z+q(ry,ra, ..., 1) + kv
=7 + ko.

Thus for each 1 < j < d, there is some z; € {0,1,..., N — 1} so that b; € zjv+ 7%, so
its i-th coordinate lies in z;7;/N + Z. Notice that ||l,b; + l2by + - - - + l4b4||« < € implies

Since the i-th coordinate of b, lies in x;r;/N + Z, by the definition of ||-||r/z, we have

(50)
R/Z Jj=1

Z?:l (Ljz)rs
N

tIR/Z

Here the first inequality holds since € € (0, 1). Thus there exist m; € Z such that

d

Z(ljxj)vi + my;

=1

€ [—¢,¢].

Thus there exist M = (mq, my, ..., my) € Z¢ such that

d
Z(ljxj)v +M e [—67 €]d.
=1
Therefore, Z;l:l(lj:vj)v + Z% lies in [—¢, €| Recall that for each z = 0,1,..., N — 1,
r € Bohr(R, ¢) if and only if some element of zv + Z< lies in [—e, €]?. Therefore the GAP

lhxy + loxg + -+ - + lgy, 0<!l; < L, foreachi=1,...,d
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is contained in Bohr(R,e). It remains to show that this GAP is large and proper. By
Theorem 5.24 we have its volume is

1 - vol(K') _ (2¢)4 _ (E
Ao Ag-d? T 2ddet(A)d?  24(1/N)d?  Nd
The first inequality holds as L; = [1/(\;d)]| > ﬁ Now we check that the GAP is proper.
It suffices to show that if

Ll"'Ld>

)IN.

hay + loxg + - + lgxg = Loy + lyxg + -+ Uhxg  (mod N),

then we must have [; = [/ for all 7. Setting

d
b= Zl—l’
7=1

Then
d d
[blloc = Z Dbjlloe <D ML =B 105
: j:l
Since
, 1
1=l <Ly—1< N
16|00 < Ase,
we have

1
Iblloc < d - Nd “Aje=e< 1.

Recall that for each 1 < j < d, there is some z; € {0,1,..., N —1} so that bj € xjv + 7
let k; € Z%, then

7j=1
d
= Z (lj — l;)IjU —+ ]Cj
j=1
d d
= = e+ > (1= k. (5.6)
i=1 i=1

For the first part of (5.6), let

=2t =260 (5 5 §)

j=1 7j=1
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Since by our assumption, 2?21 (lj = 1%)r; =0 (mod N), there exist n € Z such that

d
=1

J

and then
Ty T2 Ta
Py (DT
NN
=n(ry,re,...,rq) € Z

It is trivial to show that the second part of (5.6) is in Z?. Therefore

b € 7.
Since ||b||s < 1, we must have
b=0.
This implies that [; = [} for all ¢ as by, bs, . . ., by form a directional basis.
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CHAPTER 6

PROOF OF FREIMAN’S THEOREM

6.1 Overall Approach

We have collected all the tools we need for our ultimate goal—Freiman’s theorem—in
all previous Chapters. While the toolkit we obtained is extremely powerful, the proof of
Freiman’s theorem remains somewhat complicated. As preparation for Section 6.2, let us

first go through the overall approach.
Step 1: From Z to Z/NZ.

The first step is to shift our perspective from Z to Z/NZ. We will use the Ruzsa modeling
lemma to find a subset A’ within our target set A that is Freiman isomorphic to some subset
Bin Z/NZ. Then we will use Bogolyubov’s lemma to show that 2B — 2B contains a Bohr
set, after which we will apply Theorem 5.25 to show that this Bohr set contains a large,

proper GAP. Consequently, we establish that 28 — 25 contains this large, proper GAP.
Step 2: Return to Z.

Then we will shift our perspective back from Z/NZ to Z. By the properties of the Freiman
isomorphism, we will demonstrate that the GAP found in Z/NZ can be mapped back into
Z. We will also prove that this GAP in Z, (), is contained within 2A" — 2A’. After that,
we will use the Ruzsa covering lemma to show that there exists a subset X of A such that
A can be covered by X + ) — (). The remaining part is quite straightforward: we simply
need to show that both X and () — () are contained in a GAP, which naturally implies that
A is contained in this GAP.

6.2 Freiman’s Theorem

Following the approach in the previous Section, the following is the proof of Freiman’s

theorem.

Theorem 6.1 (Freiman’s theorem). [Fre73][Zha23, p. 260]
Let A C Z be a finite set satisfying |A + A| < K|A|. Then A is contained in a GAP
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of dimension at most d(K) and volume at most f(K)|A|, where d(K) < exp(K®) and
f(K) < exp(exp(K°)) for some absolute constant C.

Proof. By Theorem 3.7, we have
I8A — 8A| < K'%|A|.
By Bertrand-Chebyshev theorem, there exists a prime /N such that
KAl < N < 2K'%|A|.

By Theorem 4.14, there exists A C A with |A’| > |A|/8 such that A’ is Freiman 8-
isomorphic to a subset B of Z/NZ.
By Theorem 5.13 on B C Z/NZ, with

W 1B AT WA e 1
N N SN SN 16 K16

we deduce that 2B — 2B contains a Bohr set with dimension < 256 K% with width 1/4. By
Theorem 5.25, 2B — 2B contains a proper GAP with dimension d < 256 K2 and volume
> (L/d)" = (4d) N

Since B is Freiman 8-isomorphic to A’, we claim that 2B — 2B is Freiman 2-isomorphic
to 2A’ — 2A’. For any (31, B2, 51, B4 € 2B — 2B, there exist b;, b, € B,i = 1,...,8, such
that

Bi =by +by—bs —bsg, P2 =0bs+by—b;—bs,
By =0y + b — by — b, By =0+ by — b — b

If
B1 + B2 = B1 + Bs,

then
4 8 4 8
Dbi=D b= b3
24:1 28:5 14:1 18:5
DT> b= b+ b
i=1 i=5 i=1 i=5
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Since B is Freiman 8-isomorphic to A’, there exists ¢ : B — A’ such that

4 8 4 8

D o)+ o) =D o) + > b(b). (6.1)

i=1 i=5 =1 =5

For any = b; + b; — by, — b, € 2B — 2B define ¢ : (2B — 2B) — (2A’ — 2A') as

O(B) = ®(bi +bj — by — b) = ¢(bi) + ¢(b;) — (bi) — ¢(bin)-

Then (6.1) implies that

4 8

Do) = > o) =3 _eb) — D _e(b)

i=1 i=H

(B1) + @(Ba2) = (5;) + O(5).

Therefore @ is a Freiman 2-homomorphism. By a similar method we can show that 1
is also a Freiman 2-homomorphism. It remains to show that ® is a bijection. For any
B, B € 2B — 2B, if

(I)(BM) = CI)(ﬂn)
Then

d(my) 4+ d(mz) — ¢(ms) — d(my) = ¢(n1) + d(n2) — d(n3) — G(n4)
d(mq) + o(ma) + d(ns) + d(na) = d(n1) + d(n2) + G(ms) + d(my), (6.2)

where 3, = mq +mo —mg —my, B, = ni1+ny —nsg —ny. By Exercise 4.4, ¢ is a Freiman

4-isomorphism, therefore (6.2) implies that

¢~ (d(m1)) + ¢~ (d(m2)) + ¢~ (d(n3)) + ¢~ (d(na))
= ¢~ (d(n1)) + ¢ ($(n2)) + ¢~ (d(ms)) + &~ (G(ma)).

Then

m1+m2+n3+n4:n1+n2—|—m3+m4

B = mi +ma —mg —mqg =n1 +nz —ng —ng = .
Since ¢ is a Freiman 8-isomorphism,

Bl = |A'].
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let us map each b; € B to a unique a; € A’ by a = ¢(b). Forany 5 = b; + b; — by, — by, €
2B — 2B, we have ¢(b;), ¢(b;), ¢(bi,), (bm) € A’, thus there exists a € 24" — 2A’ such
that

a = (b)) + ¢(b;) — d(bk) — ¢(bm) = a; + aj — ar, — am,

such « is unique since each b; € B corresponds to a unique a; € A’. Thus 2B — 2B| =

|2A" — 2A’| and we conclude that ® is a bijection.

We claim that GAPs are preserved by Freiman 2-isomorphisms. Let G be a proper GAP of
dimension d generated by a base point gy € U, basis vectors vy, ...,v; € U, and lengths
Ly,.... Ly €Z

d

G = {go—Finvi |0 < <Lif0rz’:1,...,d}.
i=1

Since G is proper, its volume is: |G| = [, L.

We claim that ®(Q) is a GAP in U’ with the base point ®(gy) and basis vectors v, =
®(go + v;) — P(go) fori = 1,...,d. We use induction to prove that:

d d
i=1 i=1

Notice that the inputs of left-hand side of (6.3) are in G.

Let S = Zle x; be the sum of coefficients of some g € G For the base case, when S = 0,
all z; = 0, implying that the input is go, and ®(go) = ®(go) + 0, (6.3) holds. When S = 1,
the input is g 4 v; for some j. By definition of v}, we have ®(go +v;) = ®(go) + v}, (6.3)
also holds.

For the induction step, assume that (6.3) holds for all elements in G with S = k. Now
consider ¢ € G with sum S = k + 1. Then ¢’ can be written as g + v; for some j €

{1,...,d} and some g € G where the sum of coefficients of ¢ is k.

Notice that
g +g90=0(9+v)+ g =9+ (90 +v)).

Since @ is a Freiman 2-isomorphism, we have

D(g') + P(g0) = D(g) + P(g0 + v;).
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Rearranging the terms, we have

= ®(g) + . (6.4)
The second equality holds as the case that S = 1 we shown above.

By the induction hypothesis, ®(g) = ®(go) + S, v/, where Y7 | x; = k. Substitute
this into (6.4) we have

—d(g)+ 3w+

=1

d
= ®(go) + Z T3,
i—1

where "¢ 2/ = k + 1. This proves that ®(G) is indeed a GAP with lengths Ly, ..., Lg

i=1 "1

and dimension < d.

It remains to show that ®((G) is proper. Since ® is a Freiman 2-isomorphism, which implies

that ® is a bijection from G to ®(G), therefore we have
(@) = 16| =[] L

Since the number of elements in ®(G) is exactly Hle L;, this implies that for distinct
combinations of coefficients, the values in ®(G) that corresponding to these distinct com-

binations will be distinct. Therefore, ®(G) is a proper GAP.

Hence, the proper GAP in 2B — 2B is mapped to a proper GAP @ C 2A" — 2 A" with the
same dimension (< d) and volume (> (4d)~?N). Since B C Z/NZ, |B| < |N|, since
|Q| = (4d)~¢N, we have N < (4d)?|Q)|, therefore we have

| Al < 8|A'| = 8|B| < 8|N| < 8((4d)")|Q)|.
Since ) C 2A’ —2A’ C 2A — 2A, we have

Q+ AC3A-2A.
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By Theorem 3.7,
1Q + Al < |3A — 24| < K°|A| < 8K°(4d)% Q).
By Theorem 3.9, there exists a subset X of A, X C A, with | X| < 8K7°(4d)? such that
ACX+Q—-Q.
Since ) C 2A — 2A, by Theorem 3.7 we have
QI < |24 - 24] < K*|A].
Suppose that | X | =n, X = {z1,...,2,}, let
V] = X9 — X1, Vg =13 —T1, ..., Up_1 = Tp — I

and )
P = {l’l—FZeﬂ)i | e; € {0,1}}
=1

Then P is a GAP with dimension (n — 1) < 8K°(4d)? — 1 and volume |P| < 2"}
98K°(4d)1=1 gych that X C P.

N

Since () is proper GAP with dimension d, let

d
Q={ao+ Y ywi [ 0<y < L.}
i=1
Then
d
Q-Q= {Zyz{wi | —L; <y; < L;}
=1

is a GAP with dimension d and volume |Q — Q| < (2L;)% = 2¢(L;)? < 24|Q| < 2¢K*|A|.
Therefore, P + () — @ is a GAP with

dimension < 8K®(4d)* —1+d

and
volume < |P| . ‘Q _ Q‘ < 28K5(4d)d712dK4|A| _ 28K5(4d)d71+dK4|A‘

such that contains A.
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Recall that the dimension d < 256 K32, which implies d = KW, Therefore, for (4d)? we

have

(4d)d — pdIn(4d) < eKO(l) In(KOW) _ eKO(1)~O(1)1n(K) _ eKO(l)'

K

Since 8 K® and d — 1 grow much slower than the exponential function e °" the dimension

of the GAP can be bounded by the exponential term:
dimension < 8K°(4d)? —1+4d = KOV (6.5)
Substituting (6.5) into the volume bound we have:

5 o(1)
volume < 28K (4d)d71+dK4’A| < gef eO(logK)‘A’

o(1) O(1)
< eeK €O(IOgK)|A| _ eeK +O(10gK)|A|
O(1)
— e Al
Therefore, we conclude that A is contained in a GAP with dimension at most X °® and
o . .
volume at most ¢®" |A|. This completes the proof of Freiman’s theorem. [
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CHAPTER 7

CONCLUSIONS AND RECOMMENDATIONS

7.1 Conclusions

Eventually, we have finished the proof of the classic Freiman’s theorem in our last chapter.
It is not hard to see that at the end of the proof, the volume bound of the GAP that can cover
A is at a double-exponential level. As we mentioned in the introduction, the polynomial
Freiman’s theorem was already proved by four mathematicians in 2023[GGMT25]. A
natural question arises: why is our classic Freiman’s theorem still so important in this

situation? We can answer this question from two aspects.

First, the classic proof is still a great exercise. The proof is an excellent starting point
to get into additive combinatorics. For one, it perfectly shows us the interdisciplinary
property of additive combinatorics. It not only uses traditional combinatorics tools, but also
borrows tools from seemingly unrelated fields like probability theory, harmonic analysis,
and the geometry of numbers. At the same time, it shows us a great way of thinking when
researching additive combinatorics, or even math in general: if we get stuck in one place,
a shift of perspective can sometimes help us to solve it. For instance, in our thesis, this
is when we found it extremely difficult to directly study the structure of sumsets in the
integers Z, we shifted our focus to the finite cyclic group Z/NZ, where things are a bit
easier. Then, by using certain tools, we shift our perspective back to our original integer

group, and then the problem can be solved.

Furthermore, you will find that the statement of the paper "On a conjecture of Marton"[GGMT25]
is slightly different from our classic Freiman’s theorem. For the classic one, we are dis-
cussing sets from the perspective of integers, while that paper is based on the linear space
F% over the finite field F,. Also, in our thesis, the target we want to find to cover A is a
GAP, but in that paper, the target becomes cosets. To answer why there is this difference,
we have to go back to the essence of the statement of Freiman’s theorem. In fact, the cores
of both statements are both trying to find a perfectly structured set in their respective en-

vironments (Z and F%) that can cover set A. This is because the essence of studying the
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Freiman problem is trying to reveal the structure of A through its doubling constant. If
a set can be covered by a well-structured set, it somehow shows that A itself has a good
structure. In Z, a GAP is naturally the one with the best structure. And in 7, what kind of
set has the best structure? That would be our cosets. For instance, if the set A is a coset in
7, then A can be written in the form of an element x in F% plus a finite subgroup H in F7.
In this case, A + A becomes x + = + H + H = H, then the doubling constant is 1! This is
exactly why the target of study in the polynomial Freiman’s theorem is the coset. However,
unlike [F%, the integer group Z has no non-trivial finite subgroups, therefore, we cannot use

cosets of finite subgroups to cover sets in Z.

7.2 Recommendations

The starting point of the polynomial version’s proof is also very interesting and brilliant.
The authors directly shifted from sets to probability theory, using X 4 to represent a uni-
formly distributed random variable over A. This turns the set A we are studying into a
random variable X 4 in a probability space which is uniformly distributed, and introduces
the concept of Shannon entropy to perfectly represent the size of A. The advantage of this
idea of turning A into X 4 is that the traditional approach can only study the size of set A
and its sumset, which is just the number of their elements. However, in this process, it is
extremely difficult to find the differences in the "origins" of elements in the sumset. For
example, if set A consists of the integers 1 to 6 (imagine all possible outcomes of a die),
then the sumset is 2 to 12 (imagine rolling two dice at the same time and adding all possible
outcomes together). With the traditional method, we only know there are 11 elements in
the sumset, but we cannot really study the "origins" of these elements. For instance, *2’
can only be obtained through 1 + 1, but ’6’ can be obtained through 1 + 5, 2 4+ 4, 3 + 3.
Although both ’2’ and ’6’ are in the sumset, the properties of their "origins" are obviously
not the same. But if we switch it to probability, things change. If we represent A and
A’ = A using random variables, denoted as X 4 and X 4/, respectively, then the addition of
these two random variables can represent our sumset, and we will find that adding random
variables solves the problem we just mentioned. For example, the probability of "2 is 1/36
(die 1=1, die 2=1), and the probability of "6’ is 6/36 = 1/6 (die 1=1, die 2=5, etc.). This

perfectly reflects the difference in the properties of their "origins". Of course, here we are
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just briefly touching on the ideas of this paper and a comprehensive exposition would be a

future work for us.
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